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Building a mathematics program— 


e ‘ ‘ l 
an adventurein co-operative planning 


FRANK B. ALLEN, Lyons Township High School, La Grange, Illinois. 
This account of an ‘adventure in co-operative planning”’ 


underscores a fundamental principle of group action; 


namely, any administrator or committee that works 


on a problem involving groups of people must give first 
consideration to means whereby the group 


Ir occurs TO ME that there are several 
which the title, “Building a 
An Adventure in 
might be mis- 


ways in 
Mathematics Program— 
Co-operative Planning,” 
understood. 

It might get a negative response from 
some ultra-conservative people who be- 
lieve that there is no need to modify the 
traditional curriculum in mathematics at 
the secondary level. This position is some- 
times supported by the idea that mathe- 
matics never changes, that 2 and 2 always 
make 4 and that our only problem is to 
get the immutable facts of mathematics 
across to each new generation. I think 
teachers realize that the situation is not 
that simple. Profound changes in the con- 
tent and organization of secondary mathe- 
matics appear to be inevitable. Well-in- 
formed teachers are becoming increasing- 
ly aware of this need for change. 

Teachers evaluate these demands for 
change in terms that are both conservative 
and discriminating. However, we must 
realize that there was never a time when 
mathematics was more dynamic than it is 
today. There was never greater need to 
examine the organization and content of 
secondary mathematics in the light of 


1 An address given at the Luncheon Meeting of The 
National Council of Teachers of Mathematics at 
Bloomington, Indiana, August 23, 1955. 
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will accept the problem as its own. 


changing conditions. In fact, there are 
times when the distance from where we 
are to where we think we should be seems 
so great that we despair of ever getting 
there. 

I am reminded of a story about a travel- 
er who became lost in a remote section of 
Tennessee while trying to find his way to 
Chattanooga. He finally asked a farmer 
for directions. After several determined 
but unsuccessful attempts to describe the 
route, the farmer gave up with the curious 
statement, “If I were going to Chattanoo- 
ga, I wouldn’t start from here.’’ My point 
is, we must start from “‘here’’ in the sense 
that any recommendation for improve- 
ment in our mathematics program must 
be based upon a careful evaluation of what 
we have now. The major theme of this 
article is that co-operative study by class- 
room teachers should play an important 
role in such evaluations and in the devel- 
opment of recommendations based there- 
on. 

Some of you might agree to all this and 
still want to question the word “adven- 
ture.”’ After all, co-operative planning by 
classroom teachers can mean many dif- 
ferent things. 

For some it evokes the picture of per- 
spiring teachers, working night after night 
in forlorn and desperate efforts to develop 
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instructional materials, the only virtue of 
which is a certain dubious originality. 
This could hardly be called adventure. For 
others, it means an emerging curriculum 
where change is mandatory in accordance 
with every new plan for “reconstruction,” 
“adaptation,” “integration,’’ and the like. 
In some of these plans teachers work end- 
lessly as on a treadmill to complete plans 
that are endlessly revised. Surely this is 
frustration, not adventure. For still others, 
curriculum work has turned out in prac- 
tice to be primarily a matter of in-service 
training. The purpose is not so much to 
improve the teaching situation as to im- 
prove the teacher. Needless to say, there 
are a good many teachers who can control 
their enthusiasm for this kind of activity. 
I will be the first to agree that none of 
these activities can be described as ‘‘ad- 
ventures in co-operative planning.” 

I think we all realize that there are 
many ways in which a so-called planning 
program can become an_ unjustifiable 
drain on the teacher’s time and energy. 
The teachers may be exploited, while little 
if any benefit accrues to the school. 

On the other hand, it does not have to 
be this way. There are conditions under 
which curriculum building can be a great 
adventure for the professional man. Such 
is the case, for example, when a teacher 
participates in developing a policy that is 
later put into effect, and he sees it operate 
to the benefit of the school. This experi- 
ence conveys a sense of accomplishment, 
which makes all the effort seem worth- 
while. 

As chairman of the Steering Committee 
of the Lyons Township High School Cur- 
riculum Survey, I have been sharing such 
experiences with all of the members of the 
faculty of that school. I should hasten to 
inform you that I am not an authority in 
the field of curriculum development. I am 
primarily a teacher of mathematics who 
has just returned from an excursion into 
this broad field. I continued to teach three 
or four classes each year throughout the 
five year period (1950 to 1955) required 


for the completion of a comprehensive 
survey, which involved a total of thirty- 
three reports. 

In order to tell you about our adventure 
in co-operative planning in mathematics, 
I must first tell you something about our 
school and community, and I must tell 
vou a little about the Curriculum Survey 
of which the mathematics study is a part. 

Ours is a township high school in a sub- 
urban area about 15 miles west of Chicago. 
Our enrollment has increased from 1,800 
to 2,400 in the last five years, and our 
faculty has increased correspondingly 
from 96 to 120. We expect even greater in- 
creases in the next five years. About 75 
per cent of our graduates go to college 
and about one-quarter of these go to our 
own junior college, which is housed in the 
same building with the high school. All 
of our staff members are experienced, and 
most of them have Masters degrees in 
their subject matter field. Since there is 
little turnover in personnel, it is relatively 
easy to achieve continuity of policy 
through the use of faculty committees. 

Perhaps this is enough to give you some 
idea of the setting for our survey. You 
may be wondering how it happened that 
I, a classroom teacher, should be operat- 
ing as chairman of a comprehensive sur- 
vey of this kind. The reason is one of the 
things that makes our survey unusual. I 
think you should understand this reason 
if you are to understand why our entire 
faculty was able to sustain interest in the 
survey for so long a period. It all came 
about as the result of an idea advanced by 
our Superintendent. In 1950 he suggested 
that the resources of our staff should be 
mobilized for the purpose of improving 
our curriculum. Acting on this suggestion, 
the Board of Education initiated this 
study with the express condition that it 
should be a self-survey, executed and con- 
trolled by classroom teachers. 

As it worked out, the control was exer- 
cised by a Steering Committee whose 22 
members represented every department 
and service in the school. This committee 
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was instructed to conduct an across-the- 
board survey for the two-fold purpose of 
evaluating our and developing 
recommendations for improvement based 
on that evaluation. After five years, the 
committee concluded this task. All re- 
ports have been written, and many recom- 
mendations have already been put into ef- 
fect. 

Before I begin my discussion of the 
“Mathematics Report,’’ I must tell you a 
little about our procedures, so that you 
will understand the three steps we used in 
the development of each report. In the 
first stage, we were concerned with eval- 


school 


uation; therefore, we wanted to get the 
viewpoints of teachers from other fields. In 
order to accomplish this, the original com- 
mittee was composed of “insiders”? and 
“outsiders” in the ratio of about 3 to 1. 
The insiders were members of the depart- 
ment being surveyed, and the outsiders 
were chosen from other departments. In 
each case one of the outsiders served as 
chairman, and the chairman of the depart- 
ment being surveyed was assigned else- 
where. The Steering Committee believed 
that this arrangement was necessary in 
order to enhance the integrity and validity 
of our self-evaluation. The committees 
were told that this was to be an unbiased 
investigation and not merely a recital of 
strong points such as one would expect to 
stress in a publicity release. 

In the second stage, we were primarily 
concerned with organizing our report and 
with the consideration of tentative recom- 
mendations in terms of the entire school 
situation. This step was performed by the 
Steering Committee. 

In the third stage, we were concerned 
with verifying our recommendations and 
with finding ways of putting them into ef- 
fect. This step involved review by the en- 
tire department with the department 
chairman presiding. With this arrange- 
ment, all findings and recommendations 
were thoroughly reviewed before the final 
draft was written. The whole process 
might be called “building of consensus 


228 The Mathematics Teacher 


through multiple review.’’ This plan takes 
time, but it insures that every person in 
the group directly concerned with a de- 
cision will have some part in making it. 
Moreover, it creates an atmosphere of 
understanding, which makes the ultimate 
adoption of recommendations a virtual 
certainty. 

Now that we have a fair understanding 
of the philosophy and procedures that 
characterized our survey, let us foeus our 
attention on the “Mathematics Report.’ 
to see how it developed and what it ac- 
complished for our school. To do this, we 
must go back to the first phase of our 
study, where we were primarily concerned 
with evaluating and diagnosing our math- 
ematics program. I must, because of space 
limitations, confine my discussion to a 
few of the principal findings made by the 
original committee. The have 
chosen can be considered under four ma- 


ones I[ 


jor headings: 

1. College preparatory program—On the 
whole, we thought we were doing a good 
job for our college-bound pupils. A four- 


year sequence was provided, consisting of 


four semesters of algebra, three semesters 
of geometry, and one semester of trigo- 
nometry. In 1952 we found that 90 per 
cent of our graduating class had taken 
two or more years of mathematics, while 
50 per cent had taken three or more years 
and 20 per cent had taken four years. 
There was considerable evidence to indi- 
cate that our students were achieving 
reasonable success in their study of math- 
ematics. Moreover, a comparison of high 
school and college grades by the National 
Registration Office demonstrated that our 
graduates were achieving about the same 
degree of success in college as they were 
in their work with us. 

All this was very encouraging, but the 
committee was not the least inclined to 
complacency. Among other things, the 
initial report called attention to: 

(a) A need for more effective co-ordina- 

tion between instruction of math- 
ematics and instruction of science, 
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particularly during the junior and 
senior years. 

A need for continued effort to main- 
tain effective articulation with both 
grade school and college programs. 
The problem posed by those pupils 
who perform poorly in the college 
preparatory courses. Is their low 
achievement due to lack of effort, 
or should a different sequence of 
courses be provided for them? 

The lack of an honors program to 
provide acceleration for the more 
able college-bound pupils. 


Later in this report, I shall describe some 
of the plans that were developed for deal- 
ing with these problems. Right now, I will 
continue with the other principal findings 
made by the original committee. 

2. Individual differences in ability and 
need—It was evident that the department 
had given this problem considerable at- 
tention prior to the survey. A three-level 
homogeneous sectioning system extended 
through the first three years of the college 
preparatory sequence.' The committee 
found that this arrangement was working 
effectively. However, they believed that 
there were some pupils whose needs were 
not being met. Course offerings outside 
the college preparatory program were 
limited to one year of general mathematics 
for Freshmen and a one-semester course in 
consumer mathematics for upperclassmen. 
The committee was not satisfied with our 
provisions for individual differences be- 
yond the ninth year, as is indicated by this 
brief excerpt from their report: ““The dif- 
ficulty lies in the fact that no provision is 
made for the slower students other than 
allowing them to enroll in the minimum 
sections of the sequence described above. 
No course sequence is provided for them. 


” 46 ’ 


! Students were placed in ‘“‘minimum, regular,’ 
or “superior” sections respectively, according as their 
aptitude and achievements in mathematics were 
judged to be below average, average, or above average 
for our school. It should be noted that these sections 
bore no labels as far as pupils were concerned, but on 
administrative records they were designated by the 
letters ‘“‘M,” “R,” and “‘S.” 
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It is agreed that they accomplish little in 
the ““M”’ sections of the college prepar- 
atory courses. In fact the very existence 
of ‘‘M”’ sections in a course such as Higher 
Algebra is regarded by some as an indica- 
tion that adequate course provisions have 
not been made.”’ Here again, the commit- 
tee pointed out a major problem. 

With regard to remedial instruction, the 
committee said: “Instruction of remedial 
character is provided to some degree in all 
classes. Nevertheless, we found a need for 
additional remedial instruction at the 
freshmen level for those who cannot suc- 
ceed in general mathematics.” 

Provisions for developing the abilities of 
superior pupils were found to consist main- 
ly of placing them in ‘S”’ sections, where 
valuable supplementary topics can be 
woven into the course. However, the com- 
mittee pointed out that we had no special- 
projects programs for such students on a 
department-wide basis, and that there was 
no extra class activity related to math- 
ematics. 

3. Evaluation of student achievement— 
The departmental testing program was 
found to be excellent. Departmental ex- 
aminations designed to test mastery of the 
fundamental ideas were given to. all 
ability groups, with the result that grades 
assigned to individuals were consistent 
and defensible, regardless of the ability 
group involved. However, the committee 
expressed dissatisfaction with the fact 
that there were no provisions in operation 
at that time for student self-appraisal. It 
was believed that such procedures might 
do much to minimize the evils of grade 
chasing. When I mention grade chasing, I 
do not wish to convey the idea that all of 
our pupils are “eager beavers’’ in quest of 
high grades. We all know how difficult it 
is to steer a course between the Scylla of 
complete apathy on the one hand and the 
Charybdis of grade chasing on the other. 

Many educators have suggested that 
the pupils’ efforts to get a grade as “a 
badge of success’? may seriously impair 
his ability to learn. A pupil so motivated 
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may tend to rely mainly on memory rather 
than on understanding. In our view the 
solution to this question does not lie in 
abolishing grades, but rather in assigning 
them so that they are valid indicators of 
the degree of mastery the pupil has 
achieved. The kind of mastery with which 
we are concerned cannot be achieved un- 
less the pupil is able to recognize points of 
strength and weakness in his own work. 
It is for this reason that the committee 
suggested the development of a program 
for guided self-appraisal as an integral 
part of the teaching process. 

1. Time allotments—Two major prob- 
lems emerge as a result of the initial evalu- 


ation. 


(a) The wisdom of devoting a full se- 
mester to solid geometry was sharp- 
ly questioned. It was suggested that 
the more worth-while topics in solid 
geometry could be sbsorbed in 

other courses. 
The one semester allotment for 
higher algebra was held to be in- 
adequate for the average pupil tak- 
ing the course. So much time was 
spent in review that little was left 
for the study of advanced topics. 


These are some of the salient points in 
the self-evaluation we made with the help 
of a few outsiders. It is my considered 


c 


opinion that we were much more critical 


of ourselves than any outside agency 
would have been. From my vantage point 
as chairman of the Steering Committee I 
could see this same kind of frank, pene- 
trating appraisal developing in every 
other department. In all cases our teachers 
were earnestly determined to find the 
weak spots and correct them. Judging by 
our experience at La Grange, we need not 
fear that teachers will be cynical or com- 
placent in regard to self-evaluation. They 
agree with Carlyle that “‘the greatest of 
faults is to be conscious of none.” 

The next step was a review by the Steer- 
ing Committee. In their written review, 
which was rather elaborate, the Steering 
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Committee called upon the department to 
recommend policies and procedures, which 
would meet the needs set forth in the 
original report. They said in effect: 

Make more satisfactory arrangements 
for your slower pupils beyond the ninth 
year. Eliminate “M”’ sections in the 
college preparatory program. 


Improve remedial instruction for 


those unable to cope with general 


mathematics. 

Provide some kind of supplementary 
activity to challenge your superior pu- 
pils. 

Consider what can be done to en- 
courage self-appraisal by pupils 

Make more adequate time allotments 
for the study of algebra at the Junior 
level. Decide what you are going to do 
about solid geometry, etc., ete. 

Before I describe the outcome of all this 
let me take a moment to point out the 
importance of the Steering Committee re- 
view in our scheme of things. It sharpened 
the issues, it improved the organization of 
the report, and most important of all, it 
provided a mandate for action. As mem- 
bers of the mathematics department read 
the review, they were conscious of a sense 
of mission, I might even say a sense of 
urgency, in dealing with the problems 
listed above. This interplay between the 
Steering Committee and the department 
was one of the essential conditions for the 
success of our curriculum study. 

At this stage the entire department 
worked on policies and recommendations 
under the leadership of the department 
chairman. As we have seen, the assign- 
ment is very definite, and it is based on a 
thorough analysis of the existing situation. 

In the remaining time I will describe 
some final outcomes as they were de- 
veloped by the department, approved by 
the Steering Committee, and subsequently 
put into effect. 

In order to make more satisfactory pro- 
visions for those pupils whose needs are 
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not met by the college preparatory se- 
quence, we have extended our second track 
to three full years. The first year is funda- 
mentally arithmetic in a general mathe- 
matics setting. It also contains an intro- 
duction to algebra through work with 
formulas. The second year is mainly alge- 
bra with emphasis on maintenance and 
extension of skills in arithmetic. 

These two courses are regarded as 
equivalent to ninth-year algebra. As a 
matter of fact, we believe that the selected 
pupils who complete these two courses 
know a great deal more algebra than they 
would know if they had taken the regular 
course in Freshman algebra. Some of these 
pupils register for plane geometry at the 
Junior level. Some drop mathematics at 
this stage, while others continue with the 
third year of the second track program, 
which is being offered this year for the 
first time. We are beginning with two 
sections. The course is primarily plane 
geometry with an intuitive approach. 
There is a great deal of emphasis on com- 
putation and on the application of geo- 
metric principles to the solution of prac- 
tical problems. We do not know yet 
whether this credit will be acceptable for 
college entrance. We _ believe, however, 
that these selected pupils will learn more 
geometry than they would have learned 
if they had taken our regular course in 
geometry, where a serious attempt is made 
to convey an understanding of deductive 
proof. 

We do not regard this three-year second 
track as a model for other schools to fol- 
low. There are doubtless other schools 
whose second track programs are more 
extensive and better established than ours, 
but for us at this time our program repre- 
sents a substantial advance and one which 
is directly attributable to the survey. 
Through the establishment of these 
courses, we have eliminated the anomaly 
of the ‘‘M”’ sections in the college prepara- 
tory sequences. This is heartening proof 
that committees are not always futile. 
Moreover, the entire department has a 


proprietary interest in this second track 
program, since everyone participated in 
the deliberations which led to its estab- 
lishment. 

In order to improve remedial instruction 
for those unable to deal with general 
mathematics, we now offer a course called 
Mathematics Fundamentals. You might 
well ask if the department can expect to 
accomplish anything worth-while in a 
course of this kind. All I know is that it 
has been a great experience for the pupils 
in this one class to work with a tolerant, 
skillful, patient teacher who understands 
them and is interested in them as indi- 
viduals. This kind of work can go far 
toward removing their allergy to educa- 
tion, even if it cannot increase their 
capacity for it. On these terms we regard 
the course as a success. The initiation of 
this course is in line with the policy stated 
by the Steering Committee after studying 
the entire school] situation, namely, ‘‘De- 
partments which deal with educational 
values which are essential to all youth will 
make provisions for all youth within the 
course offerings of the department, with 
special attention to individual differences. 
No department is entitled to dump its 
problem cases on other departments.”’ 

In order to provide supplementary work 
for our superior pupils, we have experi- 
mented with mathematics seminars, where 
various members of the department meet 
with interested pupils after school to dis- 
cuss advanced topics. Other provisions 
include the organization of a Mathe- 
matics Club and participation in mathe- 
matics contests sponsored by the MAA. 
Pupils are also encouraged to work on 
problems proposed in the Mathematics 
Student Journal. These measures add up 
to substantial progress, but we still feel 
that there is much to be done in this area. 

In order to make more adequate pro- 
visions for individual differences in algebra 
at the Junior level, we have established a 
full year course called Intermediate Alge- 
bra for those who need more time to 
assimilate essential algebraic skills. We 
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have retained our one semester course 
called Higher Algebra for the benefit of 
superior students. The year course has 
proved to be very successful in meeting 
the need of the average pupil at this level. 
Looking back on all this, we can say that 
as a result of our survey provisions for 
individual differences have been sub- 
stantially improved. 

Solid geometry is still offered for the 
superior pupils during their second se- 
mester of the Junior year. We may even- 
tually replace this course or at least offer 
another which can be taken instead. 
Frankly, at the present time there is little 
agreement among us on what kind of a 
course this should be. 

Now we come to the problem of pro- 
moting self-evaluation by the pupil. We 
have a plan for accomplishing this, which 
was discussed at the time of the survey. 
Since then, it has been tried by several of 
our teachers. It is known as the “bid sys- 
tem.’’ I would like to describe it for you. If 
any of you decide to try it, I would cer- 
tainly be interested in your observations. 
It is essentially a very simple plan. 

The pupils are provided with a list of 
problems and are told to study the list 
with the understanding that they will be 
required to solve certain problems se- 
lected from it under quiz conditions. In 
the meantime, the instructor agrees to 
help them with the analysis of the prob- 
lems and to answer their questions about 
methods and procedures. He will not pre- 
sent complete solutions nor will he con- 
sume class time with lengthy computa- 
tions. In a properly constructed list, as in 
a properly constructed examination, the 
number of problems a student can solve 
should determine his grade. We ask each 
pupil to state in writing how many prob- 
lems he can solve and which ones. This 
statement is his “‘bid.’’ The following day 
we ask him to verify his bid by solving two 
or three problems chosen from those he 
said he could solve. It is best to have the 
work done on the same paper that bears 
his signed bid. If he succeeds in solving 
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these problems, he is credited with the 
number of problems shown in his bid, and 
this number determines his grade in ac- 
cordance with a prearranged scale. If he 
fails on some of the problems, his credit is 
reduced, and his grade is adjusted ac- 
cordingly. In no case is he credited for 
more problems than he claimed in his bid. 
In evaluating these solutions, credit is 
given for analysis and method as well as 
for numerical accuracy. 

We have found that this plan offers a 
number of advantages to both teacher and 
pupil. For the teacher, it reduces the 
amount of time necessary for checking 
vast quantities of homework of doubtful 
origin. The pupil’s time is also conserved 
because he is not expected to waste time 


writing out problems that he knows per- 
fectly well how to solve. Instead, he is 
encouraged to concentrate his efforts on 
those problems which offer some challenge 
and thereby provide worth while learning 
experiences. In this sense the bid system 


automatically adjusts the assignment to 
the ability level of each pupil. One might 
think that a pupil could score well by 
merely memorizing solutions. In practice 
we find that memory will not carry a pupil 
very far toward the mastery of a compre- 
hensive list of miscellaneous problems. I 
should also emphasize the fact that we are 
not encouraging the pupils to gamble. On 
the other hand, we are not inclined to 
moralize about it. The pupil knows that 
he will be asked to solve the most difficult 
problems we can find among those he 
contracted to solve, and he must be guided 
accordingly. He soon learns that honesty 
is the best policy. 

We have found that this system serves 
to encourage some rather intensive self- 
evaluation by the pupil. He must at least 
locate his difficulties in order to capitalize 
on the question sessions. Moreover, he 
learns the importance of correctly esti- 
mating his own abilities. If he is over 
-autious, he has no chance for a high 
mark. If he over-bids, he is heavily penal- 
ized. Perhaps you will agree that, in this 
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regard, the bid system closely parallels 
certain life situations. I recommend it to 
your attention as a satisfactory method for 
encouraging self-analysis and as a valua- 
ble supplement to other methods of evalu- 
ation, 

We have accomplished 
things in our survey, which I would tell 
you about if space permitted. I think we 
all agree that a feeling of accomplishment 
is essential to effective staff work in any 
field. It is invariably accompanied by a 
feeling that there is much that remains to 


many other 


be done. 

For example, one day we were consider- 
ing the fact that some students are lazy, 
disorganized, and unmotivated when one 
member of our group asked a_ very 
thoughtful question: suppose that by some 
miracle all of our pupils should suddenly 
become afflicted with an insatiable appe- 
tite for learning—with a consuming curi- 
osity about the whys and wherefores of 
mathematics—what then? After an awk- 
ward silence, this led quite naturally to 
the question of what we should do for our 
superior pupils. Could they not go much 
farther if given a chance? There is a body 
of informed opinion which holds that we 
could modify our course offerings for our 
brighter students so as to provide them 
with a far better introduction to the study 
of modern mathematics and modern 
science. Saunders MacLane, writing in the 
May, 1954 issue of the Bulletin of Second- 
ary School Principals,? says flatly that 
“the lively modern development of mathe- 
matics has had no impact on the presenta- 
tion of secondary mathematies.’’ We must 
try to find out what impact it should have 
on high school mathematies. 

According to the Joint Commission on 
the Place of Mathematics in Secondary 
Education, ‘“‘to mathematize a subject 
does not mean merely to introduce into it 
equations and formulas, but rather to 
mold and fuse it into a coherent whole, 

?Saunders MacLane, “The Impact of Modern 
Mathematics,” The Bulletin of the National Associa- 


tion of Secondary School Principals (May 1954), 38: 
66-70. 


with its postulates and assumptions 
clearly recognized, its definitions fault- 
lessly drawn, and its conclusions scrupu- 
lously exact.’* Some of our leaders in 
mathematics and mathematics education 
believe that it is time for us to try to make 
some progress toward mathematizing 
algebra at the secondary level. It is sug- 
gested that with this approach algebra 
ceases to be just a bag of tricks, or as 
Henry James says, “a low form of cun- 
ning,’’ and becomes, instead, a proper in- 
troduction to the nature of mathematical 
thought. 

I suggest that all these things need 
looking into, and furthermore that much 
of the work must be done by the coopera- 
tive efforts of classroom teachers. Only 
thus can they attain their full stature as 
professional men and women. To sustain 
this view, I appeal to the definition stated 
about twenty years ago by the interna- 
tional scholar Harold Laski*: 


A profession is a vocation in which, 
1. Publie service is more vital than private 


profit. 

2. There is the profession of an essential 
idealism. 
Its members enter it upon the basis of 
approved standards of competence. 
Its members freely perform research on 
their problems to the common advantage. 


In our case I interpret this to mean that 
we are to study our problems to the ad- 
vantage of our pupils and ourselves. The 
performance of such studies is our privilege 
and our professional perogative as well as 
our obligation and responsibility. 

When we are expected to do such work, 
we are not being imposed upon. On the 
contrary, we are being given professional 
status, and we are being recognized as 
people whose opinions are valuable and on 
whose judgment policies can be founded. 
In this regard I should mention that our 

3 ‘“*The Place of Mathematics in Secondary Educa- 
tion,” Fifteenth Yearbook of The National Council of 
Teachers of Mathematics (New York: Bureau of Pub- 


lications, Teachers College, Columbia University), 


1940, p. 8. 
‘Harold Laski, “Decline of the Professions,” 
Harpers Magazine (November 1935), 171: 676-685. 
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Superintendent’s sustained faith in the 
judgment of his staff was one of the princi- 
pal reasons for our success. In effect he 
called the teachers to full 
partnership in the making of educational 


classroom 


policy. 

Therefore, let us learn to work together 
on the solution of our problems. Let us try 
to master this intricate business of build- 
ing consensus. This process can easily be 
misunderstood. It would be naive to sup- 
pose that all disagreement can be elimi- 
nated. It should not be eliminated, but the 
area of agreement should be maximized by 


discussion and study and through the 
reduction of semantic barriers to under- 
standing. 

Above all, let us not be too tired to meet 
this challenge. Let us not be so preoccu- 
pied with routine that we neglect this 
great opportunity. As we work together 
with a full realization of the importance of 
what we do, as we work in an atmosphere 
of mutual understanding of the kind that 
I have tried to describe, we will fully 
realize that building the mathematics pro- 
gram can indeed be an adventure in co- 
operative planning. 





Summer institutes for high school and college teachers 


During the coming summer the National 
Science Foundation will sponsor three institutes 
for teachers of mathematics. A limited number of 
stipends to cover expenses will be available for 
participants. Readers of THe MaTHEMATICS 
TEACHER who are interested in one or more of 
the institutes should address their inquiries to 
the directors of the institutes. 


Iowa State Teachers College. This institute 
for high school teachers will be held during the 
period June 18 to July 27 under the direction 
of Dr. Henry Van Engen, Department of Mathe- 
matics, Iowa State Teachers College, Cedar 
Falls, Iowa. 
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University of Michigan. This institute fo~ 
college teachers will be held during the period 
June 25 to August 14 under the direction of Dr. 
T. 8S. Hildebrandt with the assistance of Dr. 
P. S. Jones, Department of Mathematics, 
University of Michigan, Ann Arbor, Michigan. 

Williams College. This institute for college 
teachers and secondary teachers will be held 
during the period July 2 to August 11 under the 
direction of Professor Donald Ek. Richmond, 
Department of Mathematics, Williams College, 
Williamstown, Massachusetts. The principal 
speakers will be Dr. B. W. Jones of the Uni- 
versity of Colorado and Dr. 8. C. Kleene of the 
University of Wisconsin. 














Psychology O f learning 


in the junior high school 


HOWARD F. FEHR, Teachers College, Columbia University, 


New York, New York. 


Too often mathematics is “taught” without regard for those 
things which are known about the learning process 

and the characteristics of a particular age group. This article 
summarizes some of these important facts 


THE stupy of human behavior has brought 
forth an accumulation of facts regarding 
intelligence that enables us, under proper 
use, to propose challenging material for 
instruction. Behavior has many aspects 
social, emotional, physical, and mental 
and in genuine educational situations all 
of these aspects must be considered. How- 
ever, we consider here only those psycho- 
logical aspects related to intelligence. 

It is recognized that the total past expe- 
rience of a child, the environment in which 
he has lived and the type of teaching to 
which he has been subjected before he 
enters the junior high school, all affect the 
learning that can and will take place. 
Nevertheless, from the ages of 11 years to 
15 years human beings make continuous 
and considerable growth in the handling 
of relationships dealing with space, time, 
and number, in making comparison of 
quantities, in memorization of essential 
data, in acquisition of new mathematics 
vocabulary, in using imagination and crea- 
tive ideas, in abstracting qualities to make 
generalizations, and in ability to concen- 
trate on the solution of problems. To 
support these assertions let us look at the 
findings of research concerning growth of 
mentality in human beings. 

First, learning ability increases at an 
increasing rate from the ages 11 to 15 
years. The memory span increases regu- 


for the junior high school teacher. 


larly with age. Studies carried on by W. H. 
Pyle (1)' show that the ability to read 
prose for ideas and to immediately recall 
these ideas is far greater at age 14 than at 
age 10 years. Likewise, the ability to look 
at a configuration (picture) and to recall 
the items in the picture grows in increasing 
amounts each year from age 10 to 14. In 
a study of the time required to learn new 
words and to memorize numbers the re- 
sults confirm the fact that each year of 
age shows a smaller required interval of 
time. Children learn faster as they grow 
older from ages 10 to 14. There is no let- 
up during the junior high school age of 
both boys and girls in their ability to have 
an experience in mental activity and recall 
the experience. In fact this ability grows 
each year with an increase in storage ca- 
pacity of the learning and with less time 
requirement for making it. The experi- 
ments show this to be true whether the 
material to be learned is meaningful or 
with relation to previous 
However, 

carly as 


nonsense, i.€., 
knowledge or 
Ebbinghaus (2) and others as 
1880 have shown that meaningful learn- 
ing is acquired in the least time and has 


by pure rote. 


greater permanency for recall. 
In learning perceptual-motor skills Pyle 
(1), through a series of studies, found a 


1 The numbers in parentheses refer to the bibliog- 
raphy at the end of the article. 
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similar result. Whether it be card-sorting, 
alphabetizing, mirror drawing, space im- 
agery, or drawing and measuring with in- 
struments, the time required to learn the 
skill decreases with age. There is no let-up 
from early age (8 years) until late adoles- 
cence (21 years). The age group 10 to 14 
years grows in its ability to use tools. 
The junior high school age should show 
great growth in the use of rulers, protrac- 
tors, compasses, and other mathematical 
instruments. 

A higher mental process is that of grasp- 
ing relations. Heidbreder (3) has done out- 
standing research on the ability of hu- 
mans to solve a problem by having them 
discover a principle of recognition through 
errorless choice. A series of pictures are 
presented that can be identified as be- 

named class 
of a common 


to a particular 
through the recognition 
property. These pictures are repeated in 
different forms and sequences until the 
identification is learned. Children from 
ages 6 to 10 years, 11 to 15 years, and 
university students were tested. The rate 
of learning increased with increasing age. 
Children grow yearly in their capacity to 
grasp relations and solve problems. 

In connection with this type of learn- 
ing, studies have been made on the effect 
of overlearning. Overlearning is more thor- 
ough learning than is required to perform 
well on an immediate test. Thus review 
and drill constitute procedures for over- 
learning. All experiments prove that over- 
learning aids greatly in retention and fu- 
ture recall. Review overlearning is most 
effective when spaced so as to come when 
some skills are slipping away through lack 
of use. The best type of review (for reten- 
tion) appears to be that which incorpo- 
rates newly learned materials with the 
old reviewed material. This aids integra- 
tion and organization of the learning. 

As children grow older they change 
their approach to learning. The types of 
learning assume a higher and more mature 
form. Children in the elementary school 
use a trial and error approach to learning 


longing 
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that takes much time. In the junior high 
school the children give greater stress to 
making analyses of problems and bring 
about greater reorganization of past ex- 
perience. (The arithmetic becomes an in- 
tegrated body of knowledge, not whole 
numbers and fractions and decimals.) In 
the senior high school the learning takes 
on the adult form of cireumspection and 
delayed attacks until the whole problem 
is studied. This is shown by submitting 
puzzles to the individuals and watching 
their manner of solution. The junior high 
school is the transition stage from im- 
mature hit-or-miss trial to the mature an- 
alysis and solution-seeking type of learn- 
ing. 

In this transition, transfer of past train- 
ing is playing a continuously greater role. 
Under proper instruction, the problem- 
solving techniques will be headed toward 
the mature gestalt-insightful learning pro- 
cedures. The children from ages 11 to 15 
years are making this change. They be- 
come more cautious, more patient, more 
systematic, and more organizational in 
their learning. The teacher is the im- 
portant guide post. This change in ap- 
proach to learning has great implications 
for concept learning and problem solving. 
It also calls for a rather solid and well- 
organized knowledge of high school and 
early collegiate mathematics on the part 
of the teacher, so that correct mathe- 
matical concepts are developed. The trans- 
fer and the ability to transfer past knowl- 
edge to new situations is dependent on the 
manner of teaching. “Practice at learning 
keeps active one’s methods of study and 
yields an increasing body of potentially 
transferable knowledge and may _ in- 
directly increase motivation to learn.” 
Failure to practice learning may be a de- 
terrent to continued learning in the senior 
high school. 

The greatest deterrent to retention and 
learning is interference.? Interference is a 

* When a student's attention is distracted so that 
he is not attending the instruction, we do not think of 


this as interference. This is removal from the learning 
situation. 
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mixing up of ideas. It occurs when a first 
or primary idea is not completely under- 
stood before proceeding to new ideas or 
when several unlike ideas are introduced 
simultaneously. Thus to introduce the 
solution of equations of the type 2r=6 
(solved by division) and $2=6 (solved by 
multiplication) at the same time may 
cause interference. At best, if both types 
of equations are introduced, it would be 
better to use only one idea, namely, di- 
vide by the coefficient of xz. As children 
grow older, a reorganization of responses 
‘rauses difficulty in learning. Thus, the 
type of learning that requires the least re- 
organization is the easiest. In this connec- 
tion many new geometric relations that 
are first-time experiences are easier to 
learn than the theory of percent and per- 
centages, where a reorganization of earlier 
work in arithmetic to new language forms 
is necessary. 

In summary, there is sufficient evidence 
to prove that there is no let-up from ages 
10 to 15 years in growth in mental ability 
or intelligence as related to memory, per- 
ceptual motor skill, concept formation, 
making of generalizations, and problem 
solving. Some recent studies on academic 
achievement have indicated a plateau or 
leveling off period in acquiring subject 
matter is reached during the ages 11 to 
14 years. Upon the psychological evidence 
presented it is the judgment of the writer 
that this must be ascribed to a non- 
challenging curriculum or to sterile teach- 
ing and learning situations. The corre- 
lations between age and rate of scholastic 
learning are all over .75 and this means no 
plateau in academic achievement should 
exist. 


LEARNING AS A FUNCTION 
OF TEST INTELLIGENCE 


We know today that in the realm of 
academic study the best indicator of 
ability is verbal facility. The ability to use 
and understand words, to communicate, 
is far removed from rote learning. In fact, 
the data from studies by Thorndike (4), 


Conrad (5), and Jones (6) on Observa- 
tion and Recall as a Function of Age sug- 
gest that meaning is the one important 
dimension determining the correlation be- 
tween learning and intelligence. Materials 
learned under instructions to reproduce 
meanings correlate more highly with in- 
telligence than these materials learned by 
rote. It was also evident that regardless of 
the type of instruction there is a higher 
correlation between learning and intelli- 
gence to the degree that materials permit 
attack by a logical method. This relation 
of meaning and intelligence was sustained 
in a very recent research by Dr. Max 
Sobel (7) on learning ninth-grade algebra. 

To distinguish between bright and dull 
learners Wilson (8) in 1928 subjected stu- 
dents of high and low intelligence to 
various types of learning with the follow- 
ing results. Memory learning of a multi- 
plication table and shorthand characters 
yielded the clearest difference. Brightest 
children have the best memory capacity. 
Next came reproduction of meaning in a 
paragraph and discovery of a general 
principle. Simple motor tasks yielded very 
little difference. Permanent learning of 
meaningful mathematics is highly corre- 
lated with intelligence. Hollingworth (9) 
in the study of very bright children (IQ 
146 to 165) found that the hierarchical 
order of experiences distinguishing intel- 
lectual capacity was: first, abstracting 
meaning from sentences and paragraphs; 
second, the study of science; third, learn- 
ing the meaning of addition of fractions 
and multiplication of integers. In any 
learning situation as the number of ele- 
ments, the complexity, or the difficulty is 
increased, the difference between good 
and dull learners became more apparent. 
Most teachers have discovered this in 
their own experience. A synthesis of these 
studies on learning indicate that the five 
dimensions to learning beginning at the 
top are: (1) meaning; (2) amount of sym- 
bolic process; (3) complexity and diffi- 
culty of relations; (4) amount of discovery 
required; and (5) muscular response. The 
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first four dimensions are significant, but 
the last is barely related to test intelligence 
or intelligent action. 

Other studies on learning show that a 
learner can accelerate his rate of learning 
by making a search for meaning by the im- 
position of rhythm or a pattern (by struc- 
turing), by making new groupings of items 
in a situation, by noting spatial relations, 
and by devising organizations of materials 
learned. By making a new situation more 
meaningful he thus assimilates it more 
readily into his already existent patterns 
of response. The “logical method’”’ 1s far 
superior to the “rote method”’ in learning 
new knowledge. 

MOorivaTION 

Perhaps the most modern and the most 
important psychological aspect of intelli- 
gent learning is motivation based on needs. 
Much has been done on this phase of 
learning both and ex- 
perimentally, and the literature is vast. 
We shall report here only that which ap- 
pears significant for learning in the junior 
high school. Symonds (10) has given an 
interpretation of Maslows’ hierarchical 
order of needs of human beings as follows: 


philosophically 


a. Objects and persons to satisfy inner 

physiological needs 
b. Safety—escape from outer dangers 
c. Aeceptance, involving affection, af- 

filiation, belonging, companionship 

Approval, prestige, status 

Self-esteem, self-respect, self-satis- 

faction 

f. Mastery, success, achievement 

g. Independence 

The first three needs are basic early in 
life. It is the last four needs that rise in 
junior high school boys and girls. All 
these needs involve the self, that is, the 
individual as a person. Whatever satisfies 
these needs becomes the goal of the indi- 
vidual. Motivation is goal-directed be- 
havior. To motivate a pupil, present him 
with goals to be attained, which when at- 
tained will satisfy the needs listed in ‘“d”’ 
to “g”’ above. If we accept these needs as 
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basic, then the self of the student is most 
important. Motivation for most human 
learning resides in the inter-personal re- 
lationship of the student with other stu- 
dents and with his superiors (teachers and 
basic incentives to 
‘accept- 


parents). The most 
learning a teacher can give are 
“approval,” and “‘respect.’”’ Travel 


‘ 


ance,” 
from convention to convention and seek 
the reason for the great things mathe- 
maticians are doing, and you will find that 
mastery, success, independence, recogni- 
tion, and approval are the greatest drives 
to learning and creating—not simply the 
love of mathematics itself, as great as this 
may be. 

A pupil in junior high school will con- 
tinue to learn or to be discouraged from 
learning to the degree that his expecta- 
tions or goals have been reached. The in- 
fluence of success is a tremendous incen- 


tive. An experiment has been performed 
in which students were given problems to 
be solved and then, after a given time, 
urged to solve the next one. Some of the 
problems were not possible of solution by 


the students. Success led to heightened 
interest and eagerness to do the next one. 
The reaction to immediate failure was 
hard to estimate, but when three or four 
insolvable problems occurred in a row, 
there was practically no incentive to con- 
tinue. It thus appears that intermittent 
rewards (success) seem most favorable 
to motivating further learning. Develop- 
ing self-confidence is an incentive to 
learning. Best of all, enthusiasm of the 
teacher for his subject seems to be a 
major factor in motivating his students to 
learn. 

Competition has long been held one of 
the key incentives to further learning. 
fecent investigations throw much doubt 
on this hypothesis. Among the major 


findings are the following (11): 


1. It violates the agreement that learning 
is possible only if the goal is attainable. 
When a whole class of heterogeneous 
students compete for the top prize, 
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there is motivation only for the very 
best in the class, for only the best can 
attain the prize or reward by winning; 
for the others there is only defeat. 
Thus competition, if used continuous- 
ly, makes the strong stronger in learn- 
ing, and the weak, who need more in- 
centive than the strong, benefit not at 
all. 

Competition for high honors or even 
just to pass a high standard is not a 
genuine learning situation, in that the 
purpose is to excel and not necessarily 
to understand one’s own. processes. 
Only the excellent get the approval and 
self-esteem so necessary for learning. 
It damages the self-respect of the 
losers and interferes greatly with moti- 
vation for further learning. 

Good competition is with one’s own 
peers or with one’s own prior achieve- 
ment. This is competition that permits 
success as well as failures. It has been 
shown that continued success without 
any failure causes a lack of motivation 
as well as failure. Self- 
esteem comes with real achievement, 
achievement that has passed by diffi- 
cult hurdles and not merely followed 
a rosy path with no troubles. 


continued 


Along with competition, school grades, 
or marks, have long been one of the 
teacher’s means of motivation. Now a 
high grade, A or 100, is frequently moti- 
vation to learning, not because of re- 
wards, but because of the more basic 
satisfaction of approval, status, and suc- 
cess. We must remember that basic moti- 
vations reside in human relations, and 
that the striving for external rewards such 
as high marks or honors is subordinate to 
and hidden in the striving for direct recog- 
nition and approval. The boy or girl in- 
terprets a high grade to mean “you ap- 
prove,’ and by the same token he inter- 
prets a low grade to mean “you dis- 
approve”’ of him, you have cast him out, 
he has lost face. You may try very hard 
to tell these boys and girls that they get 


only what they earn, and the mark is 
what they have earned, yet the boys and 
girls will not listen to you. Yes, good 
grades motivate, but low grades discour- 
age and do not motivate, and in neither 
case do the grades show how learning 
should take place. To be admired, ap- 
proved, and accepted are basic to moti- 
vating learning. 

Comparing the psychology of learning 
with the present curriculum in junior high 
school mathematics must raise some 
serious problems in our minds. Certainly 
we should have more challenging in- 
tellectual material because our pupils are 
not achieving to capacity, especially the 
more able students. Certainly we can 
well consider our methods of teaching, es- 
pecially in light of the necessity and possi- 
bility of realizing better reading, under- 
standing, and problem-solving ability. 
There would also be quite some doubt as 
to the procedures we are using to moti- 
vate and keep alive a burning desire to 
study mathematics, a very much needed 
goal of our future citizenry. The most im- 
mediate problem appears to be that of 
creating a body of mathematics, knowl- 
edge of sufficient complexity and ab- 
stractness to be commensurate with the 
growing intellectual capability of the 
students. 
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College Entrance Examination Board announces a Commission on Mathematics 


A Commission on Mathematics that will in- 
vestigate the need for revision of the secondary 
school mathematics curriculum has been ap- 
pointed by the College Entrance Examination 
3oard. The Commission has been established by 
the College Board in recognition of a growing 
divergence between developments in modern 
mathematics and the type of mathematics 
taught in secondary schools. 

For over 50 years high school mathematics 
for college-preparatory students has remained 
essentially unchanged—the traditional presen- 
tation of algebra, geometry, and trigonometry. 
Much readjustment of teaching methods and 
topical emphasis has of course occurred, parti- 
ally under the impetus of recommendations of 
such able groups as the 1923 Committee on 
Mathematical Requirements. 

Meanwhile, the very nature of mathematics 
has changed radically to a form now vaguely 
referred to as modern mathematics. After stress- 
ing modern mathematical concepts only in 
graduate courses for many years, many college 
mathematics departments are readjusting Fresh- 
man courses to include these ideas. No equiva- 
lent trend has yet developed widely on the high 
school level 

Curricular reform has often failed to result 
from the work of previous conferences and com- 
missions in mathematical education because 
their recommendations have been only partially 
implemented. In view of this, the College Board 
is prepared to take further action. If there is 
general agreement as to the need and form of 
curricular revision, the College Board will, if 
necessary, foster the development of teaching 
materials and workshops to prepare teachers to 
utilize these materials. 

The Commission met for the first time at 
Ann Arbor, Michigan in August 1955 and 
reached the following tentative conclusions: 

1. High school mathematics is in need of re- 
vision, which would include the addition of new 
materials, and the elimination of some and the 
reorganization of other topics now being taught; 
2. In considering a topic for deletion or in- 


clusion, the Commission will bear in mind the 


relevance of the topic to modern mathematics, 
social and natural science, and engineering; 

3. Liaison with and the co-operation of all 
groups interested in school and mathematics 
curricula is essential; and 

4. The development of a single definitive 
syllabus is undesirable, if not impossible. The 
Commission therefore proposes to formulate a 
broad list of topics and to suggest where and 
how they might be introduced. 


Members of the Commission include: 


Professor Albert W. Tucker, Princeton Uni- 
versity (Chairman) 

Professor C. B. Allendoerfer, University of 
Washington 

Mr. Edwin C. Douglas, The Taft School, 
Watertown, Connecticut 

Professor Howard F. Fehr, Teachers College, 
Columbia University 

Miss Martha Hildebrandt, Proviso Township 
High School, Maywood, Illinois 

Dean Albert EF. Meder, Jr., Rutgers Uni- 
versity 

Professor Frederick Mosteller, Harvard Uni- 
versity 

Professor Eugene P. Northrop, University of 
Chicago 

Dr. Ernest R. Ranucci, Weequahie High 
School, Newark, New Jersey 

Mr. Robert Rourke, The Kent School, Kent, 
Connecticut 

Professor George B. Thomas, Jr., Massa- 
chusetts Institute of Technology 

Professor Henry Van Engen, Iowa State 
Teachers College 

Professor Samuel 8. 
versity 


Wilks, Princeton Uni- 


The Commission welcomes the assistance 
and suggestions of organizations and individu- 
als. Those interested in corresponding with the 
Commission should write to Mr. Robert Kalin, 
Executive Assistant, Commission on Mathe- 
matics, P.O. Box 592, Princeton, New Jersey. 
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An English schoolmaster looks at 


° ° ° 1 
American mathematics teaching 


We Bs 


BRACE, Mexborough Secondary Schools, 


Mexborough, Yorkshire, England. 


An account of the insights into American education gained 
by one of our British “cousins,” while teaching 


DURING THE SCHOOL YEAR 1950-51 I had 
the privilege of being one of the Brit- 
ish teachers visiting the United States 
of America under the official exchange 
scheme. In addition I had the great good 
fortune to be assigned to Denver, Colo- 
rado, which must have as beautiful a 
situation as any city of its size in the 
world. Denver has a population of about 
half a million, and its school system is re- 
puted to be one of the best ‘middle of the 
road”’ systems in the United States. I be- 
lieve, therefore, that I had the pleasure of 
observing and sharing in American edu- 
cation at its best. 

The first point I must make—and I can- 
not make it too forcefully—is that Amer- 
ican education, like everything else in 
America, is diversified in the extreme. I 
cannot say with any certainty which of the 
things I saw are really typical of American 
education and which are peculiar to Den- 
ver or to the State of Colorado. I visited a 
number of schools—about fifty—in Den- 
ver and in different parts of the State of 
Colorado and talked with teachers from 
many parts of the United States, but it 
was by no means easy for me to separate 
variations of detail from variations in the 
pattern of education. Here, I shall simply 
give my impressions of what I saw and 


1 Reprinted from The Mathematical Gazette, 
XXXIX (May 1955), 89-97, with the permission of 
the Editor and the author. 


in the Denver, Colorado schools. 


learnt in America and make appropriate 
comparisons with our own schools to point 
similarities and differences. 

For any reasonable appreciation of 
American methods, some knowledge of 
the American educational system, which 
is very different from our own, is essential. 
There is a Federal Office of Education in 
Washington, D.C., but it is one of the 
minor government agencies, and its func- 
tions are chiefly statistical and advisory. 
Education is in the hands of the individual 
states; in educational matters the states 
are supreme. Since the states vary widely 
in population, industries, and wealth, 
there is a wide variation in their education 
laws—variation in leaving age, financial 
arrangements, teachers’ qualifications, and 
so on. For example, the minimum leaving 
age varies from fourteen to eighteen; in 
Colorado the law is “when the age of fif- 
teen is reached, or when the eighth grade 
has been completed.’ Most states main- 
tain Offices of Education, but these have, 
it seemed to me, less influence on educa- 
tion in their states than has the Ministry 
of Education in Britain. 

The units of educational administration 
are the school boards (comparable to the 
school boards which we had in the nine- 
teenth century) that cater for limited 
areas, frequently with small scattered 
rural populations. By numbers, the com- 
monest American schools are still all-age, 
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one- or two-teacher schools. On the other 
hand, the city of Denver has only one 
School Board, and the schools number 
their pupils in hundreds. The members of 
the school boards are directly elected for 
various terms, and their chief executive is 
termed a superintendent. The superinten- 
dent and his attendant administrators in- 
terfere a good deal more in the day-to- 
day life of the schools than do Chief Edu- 
cation Officers and their assistants in Eng- 
land. For example, it is quite common for 
courses of study and textbooks to be pre- 
scribed by the administration. 

The schools are generally comprehen- 
sive and coeducational. By that I mean 
that all pupils of a given age in a given 
area normally attend the same school. 
This means that where numbers allow 
that is, in the towns—schools are large. 
A common way of dividing the schools is: 
grade schools for pupils from six to twelve; 
junior high schools for pupils from thir- 
teen to fifteen; senior high schools for 
pupils from sixteen to eighteen. But 
other modes of division are also used. 
Grade schools may have up to three or 
four hundred pupils; junior high schools 
up to one thousand pupils; and I heard of 
senior high schools with as many as ten 
thousand pupils. I myself taught in a 
senior high school with 2,500 pupils. In 
the grade schools the pupils have the 
same teacher for all or almost all subjects, 
as in our primary schools; in the junior 
high schools there is some subject teach- 
ing, as in our secondary modern schools; 
in the senior high schools all teaching is 
subject teaching, as in our grammar 
schools. Large schools are needed to pro- 
vide an adequate range of courses to suit 
all intellectual levels and to attract the 
interests of the pupils. This is considered 
of great importance, and schools are part- 
ly judged in the public eye by their ability 
to attract pupils after the age of compul- 
sory attendance. 

American educational 
stated more explicitly, more precisely, and 
more frequently than are our aims. One 


objectives are 
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popular statement of the goals of Amer- 
ican education is headed, “Imperative 
Needs of Youth,” and these are listed as: 
1. All youth need to develop saleable 
skills and those understandings and at- 
titudes that make the worker an intelli- 
gent and productive participant in eco- 
nomic life. To this end, most youth need 
supervised work experience as well as 
education in the skills and knowledge of 
their occupations. 
2. All youth need to develop and 
maintain good health and physical fit- 
ness. 
3. All youth need to understand the 
rights and duties of the citizen of a 
democratic society and to be diligent 
and competent in the performance of 
their obligations as members of the 
community and citizens of the state and 
nation. 
4. All youth need to understand the 
significance of the family for the indi- 
vidual and society and the conditions 
conducive to successful family life. 
5. All youth need to know how to 
purchase and use goods and service in- 
telligently, understanding both the val- 
ues received by the consumer and the 
economic consequences of their acts. 
6. All youth need to understand the 
methods of science, the influence of sci- 
ence on human life, and the main sci- 
entific facts concerning the nature of 
the world and of man. 
7. All youth need opportunities to de- 
velop their capacities to appreciate 
beauty in literature, art, music, and na- 
ture. 

8. All youth need to be able to use 
their leisure time well and to budget it 


wisely, balancing activities that yield 


satisfactions to the individual with 
those that are socially useful. 

9. All youth need to develop respect 
for other persons, to grow in their in- 
sight into ethical values and principles, 
and to be able to live and work co- 
operatively with others. 
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10. All youth need to grow in their 
ability to think rationally, to express 
their thoughts clearly, and to read and 
listen with understanding. 


(Quoted from Planning for American 
Youth, published for the National As- 
sociation of Secondary School Principals.) 

It is clear that the goal of satisfying 
these needs provides a clear and intelli- 
gible philosophy of education, though 
there is obviously much room for variation 
in emphasis. Further, as in all educational 
projects, what is planned is not necessarily 
what is executed. 

Clearly, mathematics as far as and in- 
cluding elementary arithmetic, knowl- 
edge of simple formulae, use of simple 
graphs, and a little stage A geometry is 
needed to meet several of these needs. 
Consequently all pupils follow courses 
which cover these fundamentals. Beyond 
these basic skills there is an elaborate 
system of options, satisfying the needs of 
pupils with definite professional or voca- 
tional aims, and one of the most interest- 
ing and suggestive things about Amer- 
ican education is the way in which these 
options are organized and the way in 
which pupils are guided to exercise a wise 
choice among the many courses offered. 
In no case did I find the choices were made 
in a haphazard way, which many English 
writers on American education suggest. 
At a recent education conference in this 
country I heard it said that, “If a boy 
doesn’t like algebra, he drops it and takes 
up something else, such as learning to 
drive.”’ In Denver, at least, that is not so, 
for most senior high school pupils have 
driving lessons in school time as part of 
their general education program. Remem- 
ber, in America almost everyone has a 
ear, and correct handling of a car is a social 
responsibility. 

The aim of each senior high school pupil 
is to gain a graduation diploma—what 
we should term an internal leaving certifi- 
cate—and the requirements to be satis- 
fied for such a diploma are carefully pre- 


scribed. For example, in Denver, during 
three years in senior high school, 15 units 
must be earned (a unit is a year’s work at 
the rate of one period daily) which must 
include 2 units of English, 1} units of 
social science, 1 unit of mathematics, 1 
unit of physical education, } unit of guid- 
ance, } unit of health, making a total of 
6} units and leaving 8} units at the pu- 
pil’s disposal. The pupil will normally have 
two major fields of interest, in each of 
which he will do 3 units of work. For a 
unit to count, the work must be done to 
the satisfaction of the teacher, and it is 
quite common for a teacher to refuse 
credit for a term’s work which he con- 
siders unsatisfactory. Assessment is based 
on classwork, homework, performance in 
attainment tests, and general co-operation 
of the pupil. 

Clearly the whole system depends on 
guiding pupils into appropriate courses. 
During his three years in senior high 
school, each pupil has a member of staff 
for counselor, with whom he has confer- 
ences at regular intervals. The counselor 
is the teacher who conducts his guidance 
class and frequently also conducts his 
social science classes. All teachers are en- 
couraged to share in this work, and train- 
ing in guidance is part of a teacher’s pro- 
fessional preparation. Course selection is 
based on a consideration of the pupil’s 
abilities and interests, his ambitions, his 
parents’ wishes, graduation requirements, 
etc.; the decisions are mutual decisions, not 
orders from above. Changes of course are 
not undertaken lightly, but do occur. The 
most obvious effect of this method of 
planning is that the majority of pupils 
have a coherent conception of the purpose 
of their school studies and consequently 
require less urging to do the necessary 
modicum of distasteful toil. In fact, one 
of my strongest impressions on resuming 
teaching in Britain was how aimless many 
of our fifth form pupils are compared with 
their American counterparts. 

After this survey of the American edu- 
cational system as I found it, perhaps I 
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may turn to more specifically mathemati- 
eal topics. Again the starting point must 
be course arrangements in a senior high 
school. Courses offered are of three types. 

First, there are classes in remedial 
mathematics. These classes are organized 
under a variety of names, but all have as 
their objective the removal of defects in 
basic mathematical competence or under- 
standing. Defects of this sort, I believe, 
are not unknown in English grammar 
schools! Recently I had a bitter argument 
with a fifth form pupil on the question 
whether the solution of the equation 2/3 
=6 involved multiplication or division by 
3! There appear to be two possible ways 
of dealing with these basic defects: one is 
to assume that previous teachers were 
negligent or incompetent and did not 
give the pupil sufficient practice; the other 
is to conclude that the pupil was presented 
with certain material when he had not 
sufficient maturity for that material, as 
presented, to have meaning for him. The 
first is, of course, the classical attitude 
and leads to drill and yet more drill; the 
second is the attitude of modern educa- 
tional theorists. In America I was very 
much impressed by the excellent results 
being obtained in these remedial classes, 
by the equipment available to diagnose 
deficiencies and the care taken to identify 
the exact skills lacking, and by the 
trouble taken to remedy defects identi- 
fied. But in spite of the enormous amount 
of research published on psychologically 
effective approaches and means of mak- 
ing mathematics meaningful, I always 
felt that the classical method was the one 
in use, and that the results of recent re- 
search were given little serious considera- 
tion. 

The second type of class which is com- 
mon is the general mathematics class. 
Ostensibly, the philosophy of these classes 
is the philosophy behind the recommen- 
dations of the Jeffrey Report; that is, 
that mathematics should be taught as a 
whole, integrating the different branches 
into a comprehensive subject, and that the 
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subject should be made relevant to mod- 
ern life and intelligible to the pupils. 
There is the same attempt to prune away 
dead wood and strip off formal manipu- 
lation and mechanical routines. In prac- 
tice these classes often turn out to be 
arithmetic with a very slight admixture of 
algebra—substitution in easy formulae 
and a few simple graphs, with the inten- 
tion of introducing the idea of function- 
ality—and a little geometry—some men- 
suration. The claim is that these classes 
are for all pupils, but in practice it is 
usually the weaker pupils who find their 
way into them. Again, an excellent job is 
being done within the limitations ac- 
cepted, and the teachers strive manfully 
to overcome the restrictions of the situa- 
tion in which they find themselves. Never- 
theless, these classes in practice seem to 
me to be rather different from those en- 
visaged by their proponents. 

The third type of class is the traditional 
formal mathematics class, which we know 
so well. But the American practice is to 
teach one branch of mathematics at a 
time. First, a year or a year and a half of 
a two-year algebra course; then a year of 
plane geometry, followed by half a year of 
solid geometry; the remainder of the alge- 
bra course; then half a year of trigonom- 
etry; finally, half a year devoted to an- 
alysis. In certain cases two of the later 
courses are taken concurrently, and there 
are proficiency bars at various stages. 
The classes move on solid traditional lines 
and concentrate on giving a thorough 
training in the basic techniques of the vari- 
ous branches of mathematics. In the alge- 
bra classes particularly, the subdivision of 
subject matter is not quite so complete as 
the titles of the classes seem to indicate, 
and some geometrical work is often in- 
cluded. Formal manipulation, however, is 
given more emphasis and is carried to 
higher levels of complexity than we are 
accustomed to today. Standards are 
reasonable, having regard to the age at 
which the studies are started and the 
time spent at them. If a subject is being 
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studied, it is studied for one period each 
day—timetables are designed on a daily 
basis instead of the weekly basis used in 
this country. This time allowance is ex- 
actly what we have up to the fifth forms, 
but is considerably less than we have in 
the sixth forms. The final level reached by 
the best pupils was rather higher than the 
subsidiary subject standard of the old 
Higher School Certificate. In a school of 
2,500 about 10 pupils each year reached 
this level—say, 1 per cent of the age group. 
We might compare this with an equal 
number of pupils reaching advanced 
G.C.E. level in a three stream grammar 
school. The result seemed to me to be 
quite reasonable and compared well with 
what we find in the average English gram- 
mar school. Of course, many English 
grammar schools reach a much _ higher 
standard quantitatively, but their pupils 
are usually subject to some form of selec- 
tion beyond the usual special place ex- 
amination. 

This raises the whole thorny question 
of comparative qualitative standards in 
Britain and America. I regret to say that 
in my opinion the question bristles with 
so many difficulties that anyone who tries 
to be fair to both sides is almost certain to 
incur the displeasure of both. Any simple 
answer is, I believe, utterly misleading. Is 
a school to be criticized for not achieving 
what it is not trying to do? Are English 
schools to be condemned as being of a low 
standard because they make very little 
direct provision for civic training or for 
instrumental music? Are American schools 
to be condemned for making places for 
such things in their curricula? Your an- 
swer must depend on your philosophy of 
education, which in turn will depend on 
your philosophy of life. 

I have implied that American pupils 
will normally start algebra at the age of 
fifteen or sixteen and start geometry at 
sixteen or seventeen. This seems late to 
us. On the other hand, pupils with IQ’s in 
the 90’s will do this—of course they will 
be among the last to start, perhaps not 


until they are eighteen. The abler pupils 
make very rapid progress when they do 
start and after eighteen months of algebra 
will reach G.C.E. ordinary level. In the 
same way, after a year’s geometry they 
will reach G.C.E. ordinary level. The best 
pupils will reach this standard at about 
sixteen and a half or seventeen, which is 
not far behind our best pupils, and they 
will have spent a good deal of time at 
studies which our best pupils have neg- 
lected. Thereafter, they proceed along 
less specialized lines than most of our 
sixth form pupils, so naturally they do not 
reach the same level. But is the result any 
less desirable educationally? The battle of 
overspecialization rages perpetually in 
our educational journals. The best answer 
I can give is that scholarship-level work, 
or even second-year sixth-form work in 
mathematics is unknown in American 
high schools, but I am not satisfied that 
the result is educationally undesirable 
anywhere, and I am certain that it is ap- 
propriate in the American situation. It is 
essential to remember that what is done 
in a school is a reflection of the philosophy 
of education which prompts the school. 
Merely because schools are for young 
people, use blackboards and chalk, and 
so on, we must not assume that they 
are prompted by the same philosophies 
whether they are in England, Wales, 
Scotland, France, or the United States. 
They are not, and if they are not, quali- 
tative comparisons become impossible. I 
prefer an orange to a grapefruit, but even 
if you agree with me, does that prove that 
my wife, who doesn’t, is wrong? 

I have indicated roughly the extent of 
the various courses offered in the high 
schools. Perhaps a little more detail of the 
content of the courses would be of in- 
terest. In arithmetic there is a good deal 
of concern with ‘consumer arithmetic,” 
by which is meant the elementary arith- 
metic of buying and selling, meter read- 
ing, insurance, banking, installment buy- 
ing, and so on. There is also some study 
of the arithmetic of taxation, both from 


An English schoolmaster looks at American mathematics teaching 245 





the national and from the individual 
point of view. This part of the work is 
considerably more extensive than any- 
thing comparable found in our schools. 
Under arithmetic is also included elemen- 
tary work with formulae and the mensu- 
ration of common areas and solids, includ- 
ing the circle, cylinder, and prism, and 
some practical geometry and trigonom- 
etry. This course normally finishes when 
the pupil is fourteen or fifteen, but may 
continue until the pupil leaves school. 
The algebra course is a two-year course, 
but most pupils take only the first year 
and a half. This year and a half includes 
manipulation of literal expressions, di- 
rected numbers, linear simple and simul- 
taneous equations, quadratic equations 
with one unknown, exponents and radi- 
cals, functions and graphs, ratio and pro- 
portion—in fact, very much the algebra 
of the old type G.C.E. ordinary papers. 
Complexity of manipulation, however, is 
considerably greater than we have prac- 
ticed for many years. The last half year, 
usually taken 
studying formal geometry, includes irra- 


after an interval spent 
tional equations, imaginary and complex 
numbers, the binomial theorem, permuta- 
tions and combinations, progressions, and 
the theory of equations—a formidable list 
indeed for half a year’s work. In practice 
some selection of material occurs, and the 
emphasis appears to be on elementary 
manipulation and application rather than 
on theoretical development. 

Geometry courses, again, match our 
G.C.E. ordinary courses in content, with 
perhaps a little more emphasis on the 
postulates and axioms and inequalities, 
and a little less emphasis on circles and 
similar figures than we are accustomed to. 
Solid geometry is first developed logically 
from appropriate postulates and axioms, 
and then a good deal of work is done in 
calculating lengths, angles, areas, and 
volumes, especially in connection with 
prisms, cylinders, cones, and spheres. 

The trigonometry courses include solu- 
tion of right and oblique triangles, func- 


tions of angles of any size, trigonometrical 
equations and identities. The field is about 
that of the N.U.J.M.B. A22 Mathematics, 
with rather more emphasis on numerical 
calculations. 

The course in analysis is very wide, and 
a selection is made from the following 
range of topics: functions and graphs in- 
cluding simple discontinuities; differentia- 
tion and integration (as far as inverse 
trigonometric functions and exponential 
and logarithmic functions, but excluding 
integration other than by very simple sub- 
stitutions) ; rectangular co-ordinates (very 
elementary work with central conics, re- 
ferred to their centers, and the parabola) ; 
polar co-ordinates; solution of equations; 
definite integrals. The ground covered is 
very much less than that of our G.C.E. 
Advanced Mathematics. 

I have not yet referred to the most in- 
teresting mathematics course I met with 
during my American visit. When I ar- 
rived in Denver, I was asked to take an 
“A”? course in geometry, and in all inno- 
cence I said that I would. Since this was 
to be the pupils’ first contact with formal 
geometry, I thought that I could manage 
it without undue strain. Judge my horror 
when I was presented with a textbook 
bearing the title Clear Thinking and found 
that “Geometry A”’ 
in elementary applied logic, using geo- 


really meant a course 


metric postulates, axioms, and theorems 
as a convenient and easy field, but rang- 
ing far and wide in subject matter! 

No doubt you all remember the efforts 
of the Association for the Reform of the 
Teaching of Geometry, the parent of our 
Association, and also the first report on 
“The Teaching of Geometry” published 
by our Association. To overcome the 
pertinent objection that, in view of the 
discoveries of experimental psychology, 
formal geometry could be considered of 
very little use to the majority for mind- 
training or anything else unless its data 
and their relation to the external world 
were well understood, the suggestion was 
made that the teaching of geometry should 
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fall into three stages: Stage A, Experi- 
mental; Stage B, Deductive; Stage C, 
Systematizing. We have tried to make 
formal geometry grow out of an explora- 
tion of space, so that even if our pupils 
do not train their minds, they will at least 
learn some practical geometry. My “Ge- 
ometry A’”’ course tackled the same prob- 
lem from a different point of view. Some 
take place if 
that is, 


transfer of training can 
teaching is directed to that end 
if care is taken to emphasize, in this case, 
the reasoning processes used, and if ex- 
amples of the application of these proc- 
esses in a wide variety of fields is deliber- 
ately sought. Remember that this geom- 
etry course is for pupils of seventeen years. 
who have already reached G.C.E. ordi- 
nary level in algebra, are of fair intelli- 
gence, and have voluntarily agreed to take 
this particular course. 

I think you must agree that for general 
education and culture this course is quite 
as sound as the one with which we are 
more familiar. Later, I was told that until 
a teacher has spent at least three years at 
this course, building up a suitable body of 
examples, it is really hard work to teach. 
I certainly found that it required a lot 
more thought and preparation than any 
other course at any level that I have 
taken. I will also say that I got more satis- 
faction from this course in the end than 
from any other course, except possibly 
my real love—analysis with good scholar- 
ship pupils. 

The products of the course were listed 
by students as being: making and recog- 
nizing generalizations; avoiding over- 
generalizations; understanding the need 
for generalizations; applying generaliza- 
zations; use of indirect reasoning; recog- 
nizing faulty forms of thinking, e.g., in- 
adequate data, faulty analogies, mis- 
using converses and inverses, thinking in 
circles, rationalizing, word reasons, mis- 
taking sequences for causes, begging the 
question; developing the habit of thinking 
before speaking; saying what is meant; 
noting double meanings; use of definitions; 


following directions precisely or with 
judgment; recognizing implied assump- 
tions; facing facts; ete. An imposing list! 
How many of our sixth form pupils get 
that or even a small part of it from their 
study of mathematics? I suppose I should 
add that American teachers are at least 
as conservative as English teachers, and 
that I was asked to take the course partly 
because it was less popular than a more 
traditional alternative course. However, 
I repeat, I enjoyed the class and believe 
that, in the field of teaching, it was one of 
my most valuable experiences. 

On the whole I found that American 
teaching methods and courses tended to 
be more formal than our own. Teacher- 
pupil relations were rather freer than ours, 
but not freer than are found with indi- 
vidual teachers in most English schools. 
All the staff, all the pupils I taught, and 
any others that I came into contact with 
greeted me every day when we met for the 
first time. True, the greeting was the 
standard American, “Hi!,’’ but I missed 
it very much when it was replaced by the 
traditional English dour silence. Pupil- 
teacher relationships were friendly, but 
there was an innate attitude of respect. 
Subject matter, on the other hand, was 
very formal. Lip service was paid to appli- 
cations of mathematical methods, but the 
applications were few and despised or 
feared. The terror of any algebra class was 
the story problem; the textbooks I used 
had very few problems, and at the higher 
levels of study the lack made itself felt. 
Several pupils in my analysis class told 
me that their difficulties were largely due 
to lack of experience in and consequent 
fear of work of the problem type. 

The same formality extended to “Ge- 
ometry B,” the traditional geometry 
course, which was rather more formal than 
our Stage B and began with a list of ax- 
ioms, postulates, etc., to be learnt. I also 
found it rather difficult to discuss con- 
gruence with people who had little idea 
how to measure an angle and who felt ag- 
grieved if they were asked to verify the 
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results of reasoning by drawing and meas- 
urement. Faith in reasoning is good, but 
a realization of the frailty of human 
reasoning is scientific! The solid geometry 
text I used had a number of very beautiful 
pictures of airplanes, bridges, and so on, 
hints that solid geometry was 
needed in their construction, but I 
searched the book in vain for any clue in- 
dicating just what was used. I feel that our 
best textbooks might not have the pictures, 
but that they would certainly have some 
examples of applications. It is only fair to 
add that, although none of the books I 
used were old, much more satisfactory 
texts are now appearing. 

Teaching techniques seemed to me to 
be very much the same as in England. I 
met one or two ideas which were new to 
me, but which I felt I might easily have 
met here. One was the institution of a 
class president, vice-president, and secre- 
tary, fulfilling many of the functions of 
our form-captains or monitors, but also 
accepting responsibility for checking at- 


with 


tendances, calling the class to order, or- 
ganizing recitations, and so on. The mat- 
ter of recitations I found interesting. For 
homework a set of examples would be set, 
and preparation would often be tested 


by calling on pupils to do selected ex- 
amples on the board and to defend their 


work against criticism by other pupils. 
The selection of pupils for this purpose 
and the conduct of the cross-examination 
was in the hands of the class president. Of 
course, the teacher added his criticism 
where necessary, but the pupils usually 
spotted all the points which called for 
criticism. Naturally, it was no novelty to 
see pupils working at the board, but to use 
it as a systematic method of checking 
homework in geometry or analysis was 
novel. I found the effective. 
Blackboards were large, and a common 
practice was to get four or five pupils to 
prepare their figures and particular enun- 
ciations simultaneously at the blackboard, 
and then go through their proofs in 
order. 


method 
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Generally, I think that the standard of 
teaching in America is of the same order 
as in Britain, but the tendency for good 
teachers and highly qualified teachers to 
leave the schools is greater than it is here. 
Elevation to administrative heavens is the 
ambition of the good teacher, and a fair 
number make the grade. Nevertheless, I 
met many skillful and capable teachers 
actually teaching. A further important 
point is that in many areas all teachers at 
all levels must be graduates. While ad- 
mitting that a first degree in an American 
university is not quite the same thing as 
a first degree here, yet a university degree 
of the more generalized type popular 
there certainly has great value in equip- 
ping a teacher. 

The conditions under which teachers 
have to work vary widely—the best no 
better than our best, the worst no better 
than our worst, the average, little differ- 
ent from our average. I think schools are 
less well equipped for mathematics teach- 
ing than ours, perhaps because the teach- 
ing is more formal. Visual aids are avail- 
able fairly freely, and I experimented 
with a number of filmstrips borrowed 
from a common library, but I found, as 
with English strips, that they seldom did 
much that I could not do with equal fa- 
cility on the blackboard and with less 
waste of time and general disturbance to 
the class. 

A point of some interest is the way in 
which some sort of uniformity between 
schools is achieved in the absence of any- 
thing resembling our General Certificate 
of Education examinations, for a broad 
uniformity certainly exists. There are two 
influences making for uniformity. The 
first is the use of standardized attainment 
tests. These tests exist in most subjects 
and at many levels—well over one hun- 
dred such tests were in use in Denver— 
and it is a common practice for a teacher 
to subject his pupils to one of these tests 
at the end of each half-year. He does this 
partly in self-defense so that if there is any 
criticism of his teaching he can point to 
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tests results, and partly for his own satis- 
faction so that he may have a check on his 
own work. I must admit I found the tests 
quite helpful, as providing a simple rod to 
determine the progress of my pupils. 
While I do not think that any teacher 
teaches for these tests as we teach for 
G.C.E., yet their existence in the back- 
ground is a kind of framework for the 
courses, 

A second influence for uniformity is 
provided by the universities. High school 
diplomas are accepted by the universities 
as evidence of fitness for entrance pro- 
vided the high school fulfills certain con- 
ditions. These conditions include accom- 
modation and qualifications of the staff. 
The universities also demand certain units 
of different subjects according to the par- 
ticular school it is desired to enter, and for 
these units a certain minimum range of 
subject matter is expected. Naturally, the 
textbooks published are in line with these 
requirements, and so in spite of the ab- 
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sence of G.C.E. there is very nearly as 
much uniformity between schools in 
America as there is in this country. 

To summarize my impressions, mathe- 
matics teaching in the United States is 
much more like our own than I had ex- 
pected. Published research is not widely 
used, and, again contrary to expectations, 
teaching is rather more formal than in this 
country. On the other hand, course ar- 
rangements are much more flexible, and 
more students pursue their studies of 
mathematics to a reasonable level than 
happens here. Also, as a consequence of 
arrangements made to make the best use 
of the varied courses and of the close at- 
mosphere of co-operation between teachers 
and pupils, studies are generally pursued 
with a good deal of vitality. However, un- 
der existing conditions the best pupils do 
not proceed as far as our best pupils with 
their studies. In some ways the American 
system has the advantage, in some ways 
ours. I have been happy in both. 
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Three algebraic questions 


connected with Pythagoras’ theorem 


MATHEMATICS STAFF OF THE COLLEGE, 
University of Chicago, Chicago, Illinois. 


The first part of a two-part article with this title appeared 
in the December issue of The Mathematics Student Journal 


(vol. 2, no. 4, December 1955) ; the concluding second part appears 


in the April issue of that journal. The present paper proposes 


to discuss these three questions in a broader mathematical context 


and thus supply additional material to teachers who work through 


the Student Journal articles with their pupils. 


INTRODUCTION 
Ir THE MEASURE Of the hypotenuse of a 
right triangle is h and the measures of its 
other sides are x and y (all measures being 


in the same units), then 


x?+y?=h?. 


We regard this as the algebraic version of 
Pythagoras’ theorem. 

With the understanding that natural 
numbers are positive whole numbers, the 
three algebraic questions posed in The Math- 
ematics Student Journal for December 1955 


run as follows: 


Question One: Are there three natural 
numbers x, 7, A such that 


(1) rt+y?=h?? 


Question Two: Are there four natural num- 


bers x, y, u, v such that 
y—x=v"? 


2) r+y=u' and 


Three: Are there four natural 
numbers x, y, u, v such that 


Question 


(3) et+y=ut and xz+y=v?? 


Geometric versions of these questions 
make evident their connection with Py- 
thagoras’ Thus Question One 
asks: Is there a right triangle whose sides 


theorem. 


have measures that are natural numbers? 
Question Two asks: Is there a right triangle 
whose sides have measures that are 
natural numbers, whose hypotenuse meas- 
ure is itself a square (i.e., there is a natural 
number u such that h=wu?), and whose 


other two sides have measures whose dif- 


ference is a square? And Question Three 


asks: Is there a right triangle whose sides 
have measures that are natural numbers, 
whose hypotenuse measure is itself a 
square, and whose other two sides have 
measures whose sum is a square? 

Now the answer is “yes” for each of 
Questions One, Two, and Three. 
justifying an affirmative answer to Ques- 
tion One is the familiar Pythagorean triple 


Evidence 


3, 4, 5; which is to say, the numbers 


(4) z=3, y=4, h=5 


satisfy equation (1). Moreover, it is easy 
to guess many other solutions of (1) in 
natural numbers. Evidence justifying an 
affirmative answer to Question Two is 
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harder to come by. After some guesswork 
and experimenting, however, it appears 
that 


(5) x=119, y=120, u=13, v=1 


is a solution of (2) in natural numbers. 
(The right triangle corresponding to solu- 
tion (5) has for its sides r=119, y= 120, 
h=169; note that these three numbers 
satisfy (1), that A is itself a square 
(h=169=137), and that the difference 
y—x is also a square (y—x=120-—119 
wz Jj == 1*),) 

Evidence justifying an affirmative an- 
swer to Question Three is provided by the 
fact that the natural numbers 
= 4565486027761, 
= 1061652293520, 
= 2165017, 

»= 2372159, 
(The right triangle corre- 
solution (6) has for its 


satisfy (3). 

sponding to 
shorter sides the numbers x and y given 
in (6) and for its hypotenuse the number 
h = 4687298610289; moreover, this is the 
“smallest” right triangle providing evi- 
dence for Question Three.) 

The difference between Question Three 
and Questions One and Two is that it is 
impossible to obtain the numbers (6) by 
guess, by accident, or by experiment. That 
these numbers do satisfy (3) can be veri- 
fied after some tedious arithmetic; how- 
ever, what is of interest now is how such 
numbers (6) can ever be discovered at all. 
The second concluding part of the Student 
Journal article (the part appearing in the 
April issue) shows how the numbers (6) 
can actually be obtained using just the 
simplest tools of elementary algebra. 

The above is a concise summary of the 
content of the two-part Student Journal 
article that is under consideration. Now 
let us notice briefly the main rhetorical 
and pedagogical devices employed in the 
article. Questions One, Two, and Three 
above are formulated just as they were in 
the Student Journal, viz., as simple deci- 


sion (or “yes-no’’) problems.! That formu- 
lation was deliberate on our part. We feel 
the decision problem has some special 
advantages with high-school pupils; it 
seems natural, its answer (either ‘‘yes”’ or 
‘“no’’) is no harder to understand than the 
question, it underscores the necessity for 
conclusive evidence (exhibit numbers that 
work or show cause why no such numbers 
can be found), and it induces intelligent 
guessing or experimentation. 

With each Question, numbers were given 
which the pupil could recognize as evidence 
on the Question and use to answer the 
Question. (The numbers given the pupils 
were, in each case, the numbers given 
above, viz., (4), (5), (6).) Here again, 
there was deliberate emphasis on the (more 
passive) recognition of evidence as against 
the (more active) finding of evidence. No 
suggestion was given that the finding of 
evidence could involve systematic math- 
ematical thinking. 

The ordering of the Questions was also 
deliberate. Since all the Questions see the 
same use of evidence, Question One— 
arithmetically the easiest—was put first to 
sharpen the pupil’s sense of the relation 
between evidence and answer. With Ques- 
tions Two and Three the problem of recog- 
nizing evidence involves arithmetic of in- 
creasing complexity. But the subtler aim 
in the chosen ordering of the Questions was 
to develop within the pupil a feeling that 
at the heart of each Question is the prob- 
lem of finding relevant evidence, to con- 
vince him that guessing and experiments 
are of limited usefulness, and to arouse in 
him a need to know how such evidence 
ean be found systematically. The direct 
consequence of this need should be a strong 
drive within the pupil to work through the 
second part of the paper and see how the 
solution (6) of (3) can actually be ob- 
tained. A further consequence can be 


1 We have in mind here the following three-way 
classification of (mathematical) problems: problems of 
demonstration [‘‘Prove that A is B.’’]; problems of de- 
cision [‘‘Decide whether A is B.’’]; and problems of 
selection [‘‘Find out which A is B.”’]. 


Three algebraic questions connected with Pythagoras’ theorem 251 





hoped for: curiosity on the pupil’s part to 
see a systematic solution of equation (1) 
in natural numbers. 


ELABORATION OF QUESTION ONE 


The following elaboration of Question 
One is intended to help a teacher who wants 
to show a pupil how equation (1) may be 
solved systematically in natural numbers. 
While we imagine such a teacher would 
want to work through the elaboration be- 
low, it would be our suggestion that his 
point of departure with the pupil be the ar- 
ticle “Pythagorean Triplets” in the De- 
cember, 1954 issue of The Mathematics 


Student Journal. 


We begin by reformulating Question 
One: Question I: Find all the triples (z, y, 
h) such that x, y, and A are natural num- 
bers and 


(1) z*+y?=h?, 


The difference between Question I and 
Question One should be noted. Question I 
is not a decision problem, but a selection 
problem; from all the triples (z, y, h) of 
natural numbers, select those which 
satisfy condition (1). Pupils who on their 
own manage the passage from Question 
One to Question I may rightly be regarded 
as having mathematical insight into Ques- 
tion One. 

(Question I is of considerable antiquity. 
The solution of it given below was known 
to Diophantus in the third century A.p.? 
Our treatment of this Question, while terse, 
is complete. We begin with some familiar 
definitions. 

A natural number is any one of 1, 2, 3, 4, 
n+1,---; if m and m are 
natural numbers, so also is their sum 
n-+m and their product mn. The difference 
n—m of two natural numbers is a natural 
number just in case n>m. A _ natural 


a +*, © 


? For further historical details on Question I, see: 
Dickson, History of the Theory of Numbers (Washing- 
ton: Carnegie Institution of Washington, 1920), vol. 2, 
pp. 165-171. For interesting computational details, 
see Hart, ‘‘Pythagorean Numbers,” Toe MarTue- 
MATICS TEACHER, vol. XLVII (January 1954), pp. 
16-21. 


number n is even in case n=2a for some 
natural number a. A natural number n is 
odd in case n=2a—1 for some natural 
number a. Two natural numbers are of the 
same parity in case both are even or both 
are odd; they are of different parity in case 
one of them is even and the other odd. Now 
it is easy to establish the following: 


Lemma 1. The natural numbers n and n? 
are of the same parity. 


Proof. Suppose first that n is even. Then 
n? is also even; for if n=2a, then 
n? = (2a)?=4a?=2(2a?). Again, suppose n 
is odd. Then n? is also odd; for if n=2a—1, 


then 
n*? = (2a—1)?=4a?—4a+1 
= 2(2a*—2a+1)-—1 


Conversely, if n® is even, then nm must be 
even: for if m were odd, n? would also be 
odd. And if n? is odd, then n must be odd; 
for if n were even, n? would be even too. 
Lemma 2. If n and m are natural numbers 
such that n>m, then: n and m are of the 
same parity if and only if n+m and n—m 
are even. 


Proof. Suppose n>m. Both n+m and 
n—m are then clearly natural numbers. 
The proof now falls into two parts. In this 
first part, we assume n and m are of the 
same parity and show that n+m and n—m 
must then be even. Taking n and m to be 
odd, we know there are natural numbers 
a and b such that a>b and n=2a—1 and 
m=2b—1; but then 


n+m =(2a—1)+(2b—1) =2(a+b—1) 
and 


n—m=(2a—1)—(2b—1)=2(a—b), 


whence both n+m and n—™m are evidently 
even. Taking n and m to be even, we know 
there are natural numbers a and b such 
that a>b and n=2a and m=2b; but then 
n+m=2(a+b) and n—m=2(a—b), 
whence again n+m and n—™m are even. 
Turning to the second part of the proof, we 
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assume n+m and n—™m are even and argue 
that » and m must then be of the same 
parity. But if n and m were of different 
parity, one would be even and the other 
odd; and in either event both n-+m and 
n—m would be odd. This last being con- 
trary to assumption, if follows n and m 
cannot be of different parity. 

A natural number k divides a natural 
number n in case n=ka for some natural 
number a. Other ways to say ‘“‘k divides n”’ 
are ‘‘n ts divisible by k,” “k 7s a divisor of 
n,”’ and “‘k is a factor of n.”’ Thus a natural 
number is even in case it is divisible by 2; 
otherwise, it is odd. 


Lemma 8. If n is a natural number, then: 
n? is even if and only if 4 is a factor of n?. 


Proof. Suppose n is a natural number. Now 
by Lemma 1 we know that n? is even if and 
only if n is even. Since n is even if and only 
if there is a natural number a such that 
n= 2a, it follows that n? is even if and only 
if n?=4a? for some natural number a. But 
n? = 4a? if and only if 4 is a factor of n?. 


Lemma 4. If n and m are natural numbers 
such that n>m and the natural number k 
divides both n+m and n—™m, then what- 
ever natural number divides k also divides 
both 2n and 2m. 


Proof. Since k is supposed to divide both 
n+m and n—m, there must be natural 
numbers a and b such that a>b and 
n+m=ka and n—m=kb. Hence 2n 
=k(a+b) and 2m=k(a—b). From these 
last two equations it appears that what- 
ever divides k must also divide 2n and 2m. 


A natural number n is prime in case 
n>1 and the only divisors of n are 1 and 
n.2 Two natural numbers n and m have a 
divisor k in common in case n=ka and 
m=kb for some natural numbers a and b; 
if n and m have a divisor k in common, k 

3 Students often ask why this definition includes 
the condition that n>1. The answer: if that condition 
were removed and hence 1 admitted as a prime, then, 
e.g., each of 2-3-5, 1-2-3-5, 1-1-2-3:-5, ete., would 
be different factorizations of 30 into primes, and the 


so-called Fundamental Theorem of Arithmetic would 
not be true. 


is a common divisor of n and m. What it 
means to say that k is a common divisor 
of three or more natural numbers now 
follows by analogy. Finally, two or more 
natural numbers are relatively prime in 
case their only common divisor is 1. 
Now let us revert to Question I. Suppose 
S is the set of all triples (x, y, h) such that 
x, y, and A are natural numbers and 
zr’?+y’=h?. Our problem is to specify each 
member of S, or to show how all the 
triples in S can be generated. First, we 
note two obvious facts. 
Theorem 1. If (x, y, h) is a triple in S, then 
so is the triple (y, x, h). 
Proof. Suppose (x, y, h) is in S. Then 
r+y=h*?. But 2?+7?=7?+27. Hence 
y?+ 2? =h?, and so (y, x, h) also belongs to S. 
Theorem 2. If (x, y, h) is a triple in S, then 
so is the triple (kz, ky, kh) for any natural 
number k. 
Proof. Suppose (x, y, h) is in S. Then 
v’+y=h?. Multiplying this equation, 
through by k? (the square of the natural 
number k), we obtain k?zx?+ k*7? = k*h?, i.e., 
(kx?) +(ky)?=(kh)?. From this last it 
follows that (kz, ky, kh) is also in S. 
Theorem 2 tells us that from a given 
triple in S indefinitely many other triples 
in S can be generated. E.g., the triple 
(3, 4, 5) belongs to S, hence so does each of 
the following 4 
(6, 8, 10) =(2-3, 2-4, 2-5), 
(9, 12, 15) =(3-3, 3-4, 3- 
(12, 16, 20) = (4-3, 4-4, 4-2 
ete. 

Similarly, the triple (5, 12, 13) belong to 
S, hence so does each of the following: 

(10, 24, 26) = (2-5, 2-12, 2-13), 

(15, 16, 39) =(3-5, 3-12, 3-13), 

(20, 48, 52) = (4-5, 4-12, 4-13), 

etc. 


4 We say (a, b, c)=(p, g, r) in case a=p and b=q 
and c=r. 
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Clearly now, the key triples in S are 

those triples (x, y, h) whose co-ordinates 
x, y, h have no factors in common. Let us 
give such triples a special name. 
Definition 1. We say that a triple (a, b, c) 
is a principal triple of S in case (a, b, c) 
belongs to S and the three numbers a, b, ¢ 
are relatively prime. 

E.g., (3, 4, 5), (5, 12, 13), and (7, 24, 25) 
are principal triples of S, whereas (4, 8, 10), 
(15, 36, 39), and (21, 72, 75) are not. If we 
can identify all the principal triples of S, 
then (with the help of Theorem 2) we can 
generate all the triples of S and hence 
answer Question I. Let us seek a character- 
ization of the principal triples of S. 
Theorem 3. If (a, b, c) is a principal triple of 
S, then: a and b are relatively prime, a and 
c are relatively prime, and b and c are 
relatively prime. 
Proof. Suppose (a, b, c) is a principal triple 
of S. Now suppose further that a and 6 are 
not relatively prime. Hence, there must 
be natural numbers k, d, e such that: k>1, 
and a=kd, and b=ke. But then, since 
a’?+b?=c? and 

a? +b? = k*d?+k*e? = k?(d?+e?) 


it must be 2 = f2(d?+¢?), 
Since d?+e? is plainly a natural number, 
we see that k? divides c? and hence that k 
divides c. Because c also has the number 
k as a factor, each of a, b, c have in com- 
mon the factor k, where k>1. This being 
impossible (because (a, b, c) is supposed to 
be a principal triple of S), it cannot be the 
case that a and b are not relatively prime. 
Therefore a and b are relatively prime. 


the case that 


Exactly similar arguments serve to show 
that a and c, and b and ¢, are relatively 
prime. 

Theorem 4. If (a, 6, c) is a principal triple 
of S, then a and b are of different parity. 
Proof. Suppose (a, b, c) is a principal triple 
of S. Clearly a and b cannot both be even, 
for then they would not be relatively 
prime—contrary to Theorem 3. Suppose, 
therefore, that both a and b are odd. Then 
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there are natural numbers d and e such 
that a=2d—1 and b=2e—1. Since (a, b, c) 
belongs to S, we know therefore that 


e?=a?+b?=(2d—1)?+(2e-—1)?, 


c? = (4d? —4d+-1) + (4e?—4e +1), 
ce? = 2[2(d?+e?—d—e+1)—-1 |. 


This last equation tells us c? is even, but 
does not contain 4 as a factor (since the 
number 2(d?+e?—d—e+1)—1 is obvi- 
ously odd). By Lemma 3, therefore, ¢ can- 
not be a natural number. This means that 
(a, b, c) eannot belong to S, contrary to 
our initial supposition. Hence, a and b can- 
not both be odd, and we have established 


Theorem 4. 


The four lemmas and the four theorems 
now at hand enable us to characterize any 
principal triple of S. This characterization 
is given in 
Theorem 5. The triple (a, 6, c) is a principal 
triple of S if and only if there are natural 
numbers n and m such that 

a=2mn, 
b=n?—m?, 
c=n?+m? 


where n>m, n and m are relatively prime, 
and n and m are of different parity. 
Before proving this theorem, let us 
probe it. Will the choice m=2, n=3 yield 
a principal triple (a, b, c) of S? The answer 
should be “yes,” because here n>m, n and 
m are relatively prime, and n and m are of 
different parity. Substituting in (7), we 
obtain a=12, b=5, c=13. The triple 
(a, b, c) = (12, 5, 13) is obviously a princi- 
pal triple of S. Conversely, given the 
principal triple (24, 7, 25) of S, how can 
we find numbers n and m, which relate to 
24, 7, 25 in the manner of the theorem? 
Since 242+ 72 = 25, we see that 
= (25—7)(25+7) 
=18-32=4-9-16. 
By (7) our desired numbers n and m must 


be such that a=2mn, i.e., 4m?n?=a? 


=4-9-16. This last suggests the choice 


April, 1956 





m=3, n=4—numbers which are such that 
n>m, n and m are relatively prime, and 
n and m are of different parity. Computing 
a, b, c, by (7), we obtain a=2-3-4=24, 
b=16—-—9=7, c=4°+3?=25. Hence the 
use of m=3, n=4 in Theorem 5 yields the 
principal triple (24, 7, 25). 

It is also easy to see that the numbers 
n and m of Theorem 5 must satisfy the 
three conditions imposed on them there. 
be the case that n>m; 
natural 


Thus, it must 
otherwise, b would 
number. Again, if m and m are not rela- 
tively prime, the triple resulting from (7) 
need not be a principal triple of S: e.g., if 
n=6, m=3 we have a=36, b=27, c=45; 
while (36, 27, 45) belongs to S, it is not a 
principal triple of S. And again, if n and 
m are of the same parity, the triple result- 
ing from (7) need not be a principal triple 
of S: e.g., if n=3, m=1 we have a=6, 
b=8, c=10; while (6, 8, 10) belongs to S, 
it is not a principal triple of S. 

Now let us turn to the proof of Theorem 


not be a 


Proof of Theorem 5. The proof divides 
into two parts. The first shows that if 
natural numbers n and m are as specified 
at the end of Theorem 45, then the triple 
(a, b, c) formed from the numbers a, }, ¢ 
of (7) is indeed a principal triple of S. The 
second part shows that if (a, b, c) is a prin- 
cipal triple of S, then there are natural 
numbers n and m which satisfy (7) and the 
other specifications of Theorem 6. 

Part One. Let n and m be natural num- 
bers such that n>m, n and m are rela- 
tively prime, n and m are of different 
parity, and (7) holds. Then a and ¢ are 
clearly natural numbers, and so is b, since 
n?>m* because n>m. Furthermore, that 
(a, b, c) is a triple belonging to S follows at 
once from (7): 

a?+b? = (2mn)?+(n?—m?)? 
=4m’n?+n'!—2m?n?+m* 
=n'+2m?n?+m! 
= (n?+m?)? 


=¢?, 


It remains to be shown that (a, b, c) is a 
principal triple of S, i.e., the numbers 
a, b, c are relatively prime. Since n and m 
are of different parity, the same is true of 
n> and m® (by Lemma 1). Hence, the 
numbers b and ¢ are odd (by Lemma 2), 
and thus the numbers a, b, ¢ cannot have 
an even factor in common. Suppose a, b, 
c had in common an odd factor greater 
than 1. Then, in particular, b and ¢ would 
have this odd factor in common, and there- 
fore so would n? and m? because 
2n*=c+b and 2m?=c—b. 

But if n? and m? have a common factor, so 
must n and m—and this last is contrary 
to our assumption that n and m are rela- 
tively prime. Hence the numbers a, b, ¢ 
are relatively prime and the triple (a, b, c) 
is a principal triple of S. 

Part Two. Here we assume that (a, b, c) 
is some principal triple of S and must 
show that then there can be found natural 
numbers n and m such that n>m, n and m 
are relatively prime, n and m are of dif- 
ferent parity, and (7) holds. Suppose 
(a, b, c) is a principal triple of S. Then by 
Theorem 4 we know a and 6 are of dif- 
ferent parity, i.e., one of them is even and 
the other odd. By Theorem 1 we lose no 
generality in assuming that a is even and 
b, odd. Also c must be odd in view of 
Theorem 3. Now from the fact that 
a’+b?=c?, we see that c>b (since clearly 
c?>b?) and that 


(8) a?=c?—b?=(c+b)(ce—bd). 


Numbers ¢ and b being both odd, we see 
by Lemma 2 that c+b and c—b are both 
even and hence have a factor 2 in common. 
Moreover, c+b and c—b have no other 
factor greater than 1 in common; for if 
they did, this factor would divide both 2b 
and 2c (by Lemma 4) —and since b and c 
are relatively prime, the only common 
factor 2b and 2c can have is 2. If, there- 
fore, as (8) tells us, the product of c+b and 
c—b is to be the square of a natural 
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number, then there must be relatively 
prime natural numbers n and m such that 


c+b=2n? and c—b=2m? 


and 


a? = (ce+b)(e—b) =4n?m?. 


From these three equations we readily 
obtain (7), i.e., we may deduce that 
a=2mn, b=n?—m?*, and c=n?+m?*. Also 
we see that n>m: for c+b>c—b, hence 
2n?>2m? and so n>m. And finally, it is 
the case that n and m are of different 
parity: both b and ¢ being odd, both 
n?—m? and n?+m? are, hence (by Lemma 
2) the numbers n? and m? are of different 
parity, consequently (by Lemma 1) so are 
nand m. We have finished Part Two and, 
thereby, the proof of Theorem 5. 


When Theorems 1, 2, and 5 are com- 
bined, we obtain the desired characteri- 
zation of triples in S: (2, y, h) ts a triple 
of natural numbers such that x°+ 7°?=h? if 
and only if there are 
k. n, m such that n>m, n and m are rela- 
tively prime, n and m are of different parity, 


and either 


natural numbers 


2kmn, r= k(n?—m?), 


-=k(n?—m?*), or y=2kmn, 


=k(n?+m?), h=k(n?+m?). 
This represents the complete solution ¢ 
Question 1.5 


REMARKS ON QUESTIONS 
Two AND THREE 

An elaboration of Questions Two and 
Three to the same extent as that just given 
for Question One is beyond the scope of this 
paper, for a reason to be discussed next. 

Consider first Question Two. Its reformu- 
lation would run: 


5A treatment of Question I having features in 
common with the one given here may be found in the 
book (now unfortunately out of print): Arnold 
Dresden, An Invitation to Mathematics (New York: 
Henry Holt and Co., 1936). Another useful little book 
in this connection is: W. Lietzmann, Der Pytha- 
goreische Lehrsatz (Leipzig: B. G. Teubner). 


Question II: Find all the quadruples 
(x, y, u, v) such that x, y, uw, v are natural 
numbers and 


(2) z+y=ut and y—z=v’?, 
Now it is the case that Question IL is 
equivalent to the following Question IT’: 


Question II’: Find all the triples (u, v, w) 
such that u, v, w are natural numbers, 


u>v, and 


(9) 2ut—v'=w?. 


For suppose we had a solution (2, y, u, v) of 
(2). Then, since ut—vt=2?+y?—(y—2z)? 
=2ry>0, we know that u*>v‘, and so 
u>v; further, 2u4—v*=227?+27?—(y—2)? 
=(x+y)*. Agreeing that x+y=w, we thus 
see that Question II implies Question IT’. 
Conversely, suppose a triple (u, v, w) to 
be such that (9) holds and u>v. It is then 
the case that w>v*? (for if u>v, then 
u*>v*; thus 2u‘—v*t>v', hence by (9) we 
have w?>v* and thus w>v*), and further 
that w and v* are of the same parity (for 
since w?+ p'=2u‘4, w? and vt must be of the 
same parity by Lemma 2, hence so must 
wand v* by Lemma 1). Taking x and y such 
that 


w—v 
t= and y= 
9 


w+y? 


9) 


-_ ~- 


we see that z and y are both natural num- 
9 


bers (since by Lemma 2 w—v? and w+v? 
are both even) and that 


x?+y?=}[2w?+2vt] =4[2ut] =u", 
y—xr=4[w+v?—(w—v?) ] =4[2v?] =0?. 


Thus it appears that Question II’ implies 
Question II. The two questions are there- 
fore equivalent. 

Proceeding in the same vein respecting 
Question Three, we see that its reformula- 
tion would be: 

Question III: Find all the quadruples 
(x, y, u, v) such that zx, y, u, v are natural 
numbers and 


(3) e+y=ut and z+y=v. 
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This is equivalent to: 


(Juestion III’: Find all the triples (uw, v, w) 
such that uw, v, w are natural numbers, 
v>u, and 


(9) 2u4—vi=w”". 


The solutions of Questions II’ and IIT! 
both turn on the complete solution of (9) 
in natural numbers. The treatment of (9) 
requires rather extensive knowledge of 
number theory. It is for this reason that 
we do not give here elaborations of Ques- 
tions Two and Three similar to our elabo- 
ration of Question One. 

Instead, we shall present some program 
notes on the explanation connected with 
Question Three (and given in the Student 
Journal for April 1955) as to how to find 
the numbers (6) that actually satisfy (3). 
As mentioned in the Introduction, this 
explanation is elementary; in fact, it re- 
quires only the multiplication and factori- 
zation of simple algebraic expressions, the 
solution of linear equations, and the 
solution of a system of two linear equa- 
tions. Our remarks center on Question 
Three, but the evident parallel between 
Questions Two and Three makes it possi- 
ble to transfer much of what we say here 
to Question Two. We leave this transfer- 
ence for the most part to the reader. 

We shall not repeat the explanation 
given in the April issue of the Student 
Journal. We assume the reader has worked 
through that explanation and has it before 
him for reference now. 

Supposing a knowledge of Theorem 6 at 
hand, let us undertake to find directly a 
solution of 


(3) rt+y=ut and «z+y=v? 


in natural numbers 2, y, u, v. First we note 
certain natural conditions on any numbers 
Zr, y, u, v that satisfy (3). Thus, e.g., uw and 
v must be such that v>wu; for vt=2?+2zry 
+7?=u'+2ry, whence v'> wut and so v>u. 
And again, the first three numbers z, y, 
must be such that 2, y, uv? is a solution of 
(1), i.e., a triple belonging to S. 


This last remark provides a clue. Re- 
calling Theorems 1 and 5, a reasonable first 
step towards a solution of (3) would be to 
take n>m and set 

r=n*?—m?, 
(10) 

y=2mn 
in (3). After this substitution, the first 
member of the first equation of (3) be- 


comes 
x? +y?=(n?—m?)?*+4m?2n? = (n?+m?)? 


whence the first equation of (3) appears 
as (n?+m?)?=u', and as n?+m?=12 after 
simplification. The second equation of (3) 
becomes simply: n?+2mn—m?=v?. Con- 
sequently, to find natural numbers z, y/, u, 
v such that (3) holds leads via (10) to the 
new problem: To find natural numbers 
n,m, u,v such that n>m, v>u, and 


(11) n?+m?=u? and n?+2mn—m?=v2". 


If anything, (11) looks harder to solve 
than (3). But suppose we could find new 
expressions for uw and v in terms of m and 
n. Such expressions could be substituted 
into (11), and the resulting equations in m 
and n might be solvable for m and n as 
explicit numbers. Let us look into this pos- 
sibility. Subtracting the first equation of 
(11) from the second there, we obtain 


v?—u?=2mn—2m?. 


Factoring each member of this equation, 
there results 


(12) (v—u)(v+u)=2m(n—m). 


Setting corresponding factors of (12) 
equal, we have v—u=2m andv+u=n—m, 
whence plainly 2v=n+m and 2u=n—3m. 
Substituting these values of u and pv into 
(11), we see that both equations yield the 
same quadratic in m and n, viz., 


3n?+6mn—5m?=0. 
Unfortunately, the solutions of the equa- 
tion 3(n/m)?+6(m/n)—5=0 are irra- 


tional. Since satisfactory numbers n and 
m must be such that n/m is rational, this 
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procedure does not give us useful values 


for m and n 

However, we should not be hasty in dis- 
carding the general idea of the above 
method. There may be other ways of ob- 
taining new expressions for uw and v in 
terms of m and n besides simply subtract- 
ing the two equations. To give the method 
a fair chance, suppose we multiply the first 
equation of (11) through by gq? and the 
second by Pp. and then subtract the first 
from the second. The resulting equation 


—q*)n*+2p?mn 


p?v? — qu? = (p* 


p-+q-)m 


can be written in the form 


pv — qu) (py+qu) = (p*—q*)n?*+2p?mn 
13 
p*+q°)m?. 
The right member of (13) factors just in 
case its discriminant 2p*—q* is a perfect 
] 


square, i.e., if there is a natural number r 


such that 

14 2p —q =r". 

Note the resemblance between (14) and 
y 

The most obvious solution of (14) is 
p= l,g=l,r= 
into (12), and hence corresponds to our 


initial (unsuccessful 


1: this choice converts (13) 


step of simply sub- 
tracting the first equation of (11) from the 
second. But another solution of (14) is 
p= 13, q=1, r= 239 With this choice, (13 


becomes 


l3vu+u 


(15) (1l3v—u 
12n—5m)(l4n+34m). 


The obvious course here is to_ set 
13v—u=12n—5m and 13v+u= 14n+34m. 
Together, these equations tell us that 
2u=2n+39m. Using this value of u in the 
first equation of (11), we find that 
t-39n+(39?—4)m=0. But this result is 
also useless; it tells us that these particular 
numbers n and m are of opposite sign, and 
hence by (10) that y=2mn is negative, 
which again is impossible. 
Now comes a trick. Noting that 
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(127 —5m)(14n+34m) 


lin+34m), 


12n—5m 
6 
that is, 
14+34m 


12n—5m 


let us rewrite 


(13e—u)(130+ 4) 
35 204 
(: $n — m)( 120+ 
6 z 


35 
13v—u=14n— mM, 

6 

204 
13u+u=1l4n+— m. 


‘ 


and set 


Solving the two equations of (17) simul- 


taneously, we find the following new ex- 


pressions for u and v: 


1469 


2u= —2n-+ m, 
{2 


979 
260 = 26n+ m. 
42 


The first equation comes to 
84u = —(84n—1469m), 
whence 
84°? = 842n? —2-84-1469nm+ 1469? m?. 
From the first equation of (11), 
84°u? = 842n?+84?b?. 
Equating these two expressions for 84°u’, 
we find: 
(19) 2-84-1469n = (1469? —84?)m. 
The obvious solutions of (19) are 
n= 1469° — 84? = 2150905, 
m=2-84-1469 = 493584. 


(20) 
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Using the values (20) in (18) to deter- 
mine wu and v, and in (10) to determine x 
and y, we obtain precisely the numbers (6) 
originally announced as a solution of (3). 


Now for some comments on the deriva- 
tion just given of the numbers (6). 

First. Our substitution (10) could just 
as well have been 


x=2mn 
y=n’?—m’; 


no essential change in our derivation 
would result. 

Second. Suppose we were to apply the 
method of this derivation to Question Two. 
In that case considerations parallel to 
those above based on (15) actually pro- 
duce values of n and m (and so of u, v, x 
and y) which satisfy Question Two. How- 
ever, these values are much larger than 
those proposed in (5). (This last observa- 
tion emphasizes that our derivation of the 
numbers (6) throws no light on why they 
provide the “smallest” right triangle 
giving evidence on Question Three. This fact 
must be established independently; it is 
beyond the scope of the present paper to 
do so.) 

Third. Our solution p= 13, g=1, r= 239 


of the discriminant equation (14) is 


actually a solution u= 13, v=1, w= 239 of 
equation (9) of Question II’, since u>v. 
This solution provides the numbers (5) 


originally seen to satisfy (2). 

Finally, some comments on the Student 
Journal derivation of the numbers (6) that 
satisfy (3). 

First. Instead of using the substitution 
(10) based on Theorem 6, the Student 
Journal derivation straightway 
with the identity. 


[A?—B?|+ [2AB]|?=[A?+B?]?. 


began 


(We recognize the “A’’ of this identity as 
our ‘‘n,”’ and the ‘‘B”’ as our ‘“m.’’) 
Second. Instead of dealing throughout 
with the two variables “A”’ and “‘B,”’ the 
Student Journal reduced to one variable by 
substituting into the identity as follows: 


A=t+5, 
B=12 
In addition to making the problem a ‘‘one- 
variable’ problem, this substitution made 
implicit and obvious the use of the solution 
p=13, q=1, r=239 we employed for the 
discriminant (14); for the substitution 
gives in place of our system (11) the 
system 
?+ 101+ 169 =v’, 
?+34t+1=v?. 


(These are equations (5) and (6) of the 
Student Journal derivation.) 

Third. In the present paper we examined 
the blind alley that began with equation 
(15). Had a similar examination 
interpolated into the Student Journal, it 
Beginning 


been 


would have gone as follows: 
with the equation 


(13v —u)(13v+u) = 12¢(14t+478), 
we set 


13vu+u=14(+478 


13v—u=12t and 
and obtain therefrom 
u=t+239. 


Substituting this value of u into the right 
member of the first of the two equations 
displayed at the end of the previous para- 
graph, there results the quadratic 


1?+478t+ 2397 = t?+ 101+ 169 


whose solution, ¢, is a negative number. 
This value of ¢ is unsuitable because ¢ must 
be greater than 7 if the x and y produced 
by (4) of the Student Journal are to be 
positive numbers. 

Fourth. The equations (16) and (17) 
that we obtain after our trick of multiply- 
ing by 1 in the form 7/6-6/7 have their 
counterparts in equations (7) and (8) of 
the Student Journal derivation. 

Fifth. The Student Journal's use of 
“t+5” and “12” in place of “‘n”’ and “‘m’”’ 
leads to the nuisance of converting from a 
fractional to an integral solution. This is 
the penalty paid for avoiding the use of 


two variables, ‘‘n’’ and ‘‘m.’’ 
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( zraphing in elementary algebra 


MAX BEBERMAN, l/niversity of Illinois, Urbana, Illinois, 


and BRUCE E. 


MESERVE, New Jersey State Teachers College, 


Montclair, New Jersey. 


Graphing in high school and college algebra 


has been too narrowly interpreted. This paper 


offers some good suggestions for broadening the topic 


to include other fundamental mathematical ideas. 


Most MATHEMATICS TEACHERS are con- 
stantly seeking varied and challenging 
exercises which will provide their students 
with practice, insight, and an understand- 
ing of fundamental concepts. In this paper 
we consider the topic of graphing in ele- 
mentary algebra from the point of view of 
such teachers 

One of the basic concepts to be learned 
in the graphing of equations is that the 
graph of an equation is the set of points 
whose co-ordinates satisfy the equation. 
We shall refer to this as the “locus con- 
cept” of graphing. Although students need 
a lot of practice with this concept in order 
to achieve a thorough understanding, the 
assignment of long lists of equations to be 
graphed does not necessarily provide this 
practice. The students usually discover 
mechanical procedures for plotting graphs 
or are shown such procedures by adults or 
advanced students who are trying to be 
helpful. While recognizing that discovery 
is an important aspect of learning mathe- 
matics and that mechanical processes are 
most useful in routine applications of 
mathematical ideas, we feel that learning 
stops when routine begins. Our objection 
to mechanical procedures for graphing 
equations is based upon the fact that the 
student seldom needs to return to the 
fundamental locus concept in order to 
draw the desired graph. From our point of 
view a series of exercises is needed which 
will compel the student to make direct 
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applications of the locus concept in a non- 
mechanical fashion.! 


GRAPHING ON THE NUMBER LINE 

In an earlier paper? we considered exer- 
cises in which students described sets of 
points or loci on a number line. In effect, 
the students were graphing equations, in- 
equalities, and other assertions involving 
a single variable in a one-dimensional 
space. Since graphing on a number line is 
based upon concepts which may be readily 
extended to provide a basis for graphing 
in a two-dimensional space, we shall re- 
consider very briefly the concept of graph- 
ing on a number line. 

Consider the number line as an ordered 
set of points in one-to-one correspondence 
with the set of real numbers. The one-to- 
one correspondence implies that each point 
on the number line is associated with a 
unique real number and that each real 
number is associated with a unique point. 
The real number is called the co-ordinate of 


! The ideas and procedures in this article are based 
upon the experiences of the authors as members 
(1951-54) of the University of Illinois Committee on 
Secondary School Mathematics (UICSSM). The co- 
operation of the other members of the committee 
(Messrs. Babb, Nichols, Page, Pingry, and Stegmeir) 
in these experiences is hereby acknowledged. The 
point of view of the committee is evidenced in the re- 
cent mimeographed revision of its ninth-year textbook 
entitled High School Mathematics—First Course (Ur- 
bana, Illinois: The Committee, University High 
School, 1954). 

2 Max Beberman and Bruce E. Meserve, “The 
Concept of a Literal Number Symbol,” THe Martue- 
MATIcSs TeacHer, XLVIII (April 1955), pp. 198-202. 
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Figure 1 


its associated point; the point is called the 
graph of its associated real number. The 
correspondence between the points and 
their co-ordinates is completely determined 
by the choice of the origin and the unit 
point on the number line, i.e., by the se- 
lection of the points with co-ordinates 0 
and 1, respectively. It is customary to con- 
sider the number line in a horizontal posi- 
tion and to select the unit point on the 
right of the origin. Then, if point A is on 
the right of point B, the co-ordinate of A is 
greater than the co-ordinate of B. A portion 
of the number line is shown in Figure 1. 
We may now state relationships be- 
tween points on the number line by stating 
relationships between their co-ordinates. 
Since the set of points on the number line 
is in one-to-one correspondence with the 
set of real numbers, we use the variable 
“y’’ in place of a name for an unspecified 
member of the set of real numbers. That 
is, we use x as the co-ordinate of an un- 
specified member of the set of points on 
the number line. Then any statement con- 
cerning points on the number line may be 
stated in terms of x; any statement about 
an unspecified real number x may be in- 
terpreted or visualized on the number line. 
For example, the statement ‘“z?>4”’ is 
true (or ‘“‘satisfied’’) when x is any member 
of the set composed of all real numbers 
which either exceed 2 or are less than —2. 
It is false (or “not satisfied’) when x is any 
member of the set of all real numbers 
which do not exceed 2 and are not less 
than —2. Similarly, the statement “x+3 
=9” is true when z is any member of the 
set composed of the single real number 6; 
it is false when z is any member of the set 
of all real numbers which are different 
from 6. The statement “|x| <0” is true 
when x is any member of the null set 
(often called the empty set); it is false 
when z is any member of the set of all real 
numbers. The statement “2r=2+2”’ is 


true when zx is any member of the set of all 
real numbers; it is false when z is any 
member of the null set. In general, we 
solve a statement involving a single un- 
specified real number x by determining a 
set of real numbers such that 
1. The statement is true when z is any 
member of the set, and 
The statement is false when z is any 
real number which is not a member 
of the set. 


The set of all ‘‘values’’ of x that satisfy a 
statement about z is called the solution of 
the statement. The solution of a statement 
is unique. The reader will recognize, of 
course, that the above two characteristics 
of the solution of a statement involving x 
are equivalent to the familiar necessary 
and sufficient conditions of locus prob- 
lems. This equivalence provides one basis 
for the interpretation of algebraic state- 
ments in terms of geometric concepts. 

We have defined the solution of any 

statement about z as the corresponding 
set of real numbers which has the above 
characteristics. The graphs of these real 
numbers constitute a set of points on the 
number line. This set of points can be 
called the graph of the solution of the 
statement or, simply, the graph of the 
statement. Then to “graph” a statement 
about x means to determine a set of points 
on the number line with the following 
characteristics: 

1. Every point in the set has a co-ordi- 
nate which satisfies the statement, 
and 
Every point not in the set has a co- 
ordinate which does not satisfy the 
statement. 


The graphs of the statements given above 
are shown in Figure 2. Note that the 
graphs are indicated by heavy lines. In (1) 
of Figure 2 the ‘‘o”’ indicates a boundary 
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Fig ure 


point which is not on the graph; the heavy 
dot in (2) indicates a point which is on the 
graph.’ 

GRAPHING ON THE CARTESIAN PLANE 

We now extend the principles encoun- 
tered in the preceding section to graphing 
in a two-dimensional space. The familiar 
Cartesian plane may be considered as a 
set of points in one-to-one correspondence 
with the set of all ordered pairs of real 
numbers. Each point on the plane is as- 
sociated with a unique ordered pair of 
real numbers; each ordered pair of real 
numbers is associated with a unique point 
on the plane. The numbers in the pair are 
called the co-ordinates of the point; the 
point is called the graph of the ordered 
pair. The ordered pair of co-ordinates re- 
fers to an ordered pair of number lines 
called the co-ordinate axes. These axes are 
usually taken with a common origin, with 
the first co-ordinate referring to a hori- 
zontal axis having its unit point on the 


* For an illustration of the variety of statements 
which can be graphed on the number line, see ibid., 
p. 201. 
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right of the origin, and with the second 
co-ordinate referring to a vertical axis hav- 
ing its unit point above the origin. We call 
such a co-ordinate plane a Cartesian plane. 
The correspondence between the points 
on the co-ordinate plane and their co-ordi- 
nates is then completely determined by the 
choice of three points—the common origin 
and the unit points on the two co-ordinate 
axes. 

We may now state relationships among 
points on the co-ordinate plane by stating 
relationships among their co-ordinates. 

Since the set of points on a co-ordinate 
plane is in one-to-one correspondence with 
the set of ordered pairs of real numbers, 
we use an ordered pair of variables “‘(z, y)’’ 
in place of a name for an unspecified 
member of the set of ordered pairs of 
real numbers. Then any statement about 
a point on the co-ordinate plane may be ex- 
pressed as a statement about the z-co-ordi- 
nate and the y-co-ordinate of the point; 
any statement about two unspecified real 
numbers, x and y, may be interpreted or 
visualized on the co-ordinate plane. For ex- 
ample, consider the equation 3x+y=3 as 
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a statement about ordered pairs (2, y). 
The ordered pair (4, —9) is associated 
with a point of the graph of the given 
equation since “3(4)+(—9)=3” is a true 
statement. We say that the equation is 
satisfied when (zx, y) is taken as (4, —9) or, 
in other words, when x=4 and y=-—9. 
There are also many other ordered pairs 
such as (2, —3) and (—1, 0) that satisfy 
the given equation. In general, we solve a 
statement about an ordered pair of real 
numbers xz and y by determining a set of 
ordered pairs of rea] numbers such that 


1. Every member of the set satisfies the 
statement, and 
Every ordered pair of real numbers 
which is not in the set does not satis- 


fy the statement. 


The graph of a statement is the set of points 
associated with the set of ordered pairs 
which satisfy the statement. The set of all 
ordered pairs which satisfy the statement 
is the solution of the statement. As in the 
case of statements involving a single real 
number x the solution is unique but may 
contain many elements. 

A verbal description of the solution of a 
statement about ordered pairs of real 
numbers (2, y) often requires a well-devel- 
oped concept of functions and therefore 
may not satisfy or be appreciated by stu- 
dents in the early grades of the secondary 
school. For example, we may properly de- 
scribe the solution of 32+y=3 as the set of 
ordered pairs (p, 3—3p), where p is any 
real number. This statement of the solu- 
tion satisfies the above two conditions but 
it may not be easily interpreted by some 
students. Accordingly, it is often desirable 
to use a geometric interpretation or de- 
scription. For example, in the case of the 
equation 3x+y=3 we might simply plot 
the graphs of a few of the ordered pairs 
that satisfy the equation and then take the 
customary intuitive step of asserting that 
the graph of the equation is the straight 
line which passes through the plotted 


points. 


Up to this point in our discussion of 
graphing on the Cartesian plane, we have 
essentially followed the customary presen- 
tation of this topic. The locus concept has 
been developed and the students are now 
ready for practice. After a reasonable 
amount of practice in graphing equations, 
most students will begin to develop short 
cuts or mechanical procedures for plotting 
graphs, e.g., finding intercepts or locating 
points with integral co-ordinates. In some 
cases the teacher introduces the slope- 
intercept method. We have no quarrel 
with short cuts. Indeed, students should 
be encouraged to discover them and to un- 
derstand the mathematical reasons for 
them. We have no quarrel with the teach- 
ing of the slope-intercept method, for this 


topic is an exceedingly important one in 
elementary mathematics. However, we do 
contend that a student has little oppor- 
tunity to examine and re-examine the 
locus concept when he applies his short 
cuts. Accordingly we now consider several 
types of exercises which may be treated 


along with the usual linear equations. A 
wide variety of exercises is recommended 
even in elementary algebra, since, when 
this is done, the students are required to 
pay careful attention not only to the sym- 
bols and relations used, but also to the 
locus concept. In other words, funda- 
mental concepts of both algebra and ge- 
ometry may be emphasized in this way. 

The first few examples have been con- 
sidered in detail in order to emphasize our 
approach to the graphing of statements 
about pairs of real numbers. 

Example 1. Graph y> zx. (See Fig. 3.) 

The reasoning used by the student 
would be expected to include essentially 
the following steps: 


1. Consider a few points on the graph, 
e.g., (2, 4), (3, 4), (O, 4). 
Make one or more false conjectures 
such as, ‘‘All points on the line y=4 
satisfy the given inequality.” 
Recognize that the graph is not a 
straight line, but many of the points 
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Figure 3 








on a line may satisfy the inequality. 
For example, all the points on the 
left of (4, 4) and on the line y =4 are 
points on the graph. 

Recognize the special role of such 
points as (4, 4), (3, 3), (0, 0); draw 
the line y=z, observe that the 
points on this line are not points of 
the graph of y>z. 

5. Conjecture that all points above the 
line y= are the graph of y>z. 
Test this conjecture for several 
points. 

)}. Test the conjecture for arbitrary 
points that are above the line y=z 
and on such lines as r=1 and x=5, 
thereby convincing himself that his 
conjecture is true for points in the 
first quadrant. 

Realize that y>z for all points in 
the second quadrant. 

. Test the hypothesis for points in the 
third quadrant. 

9. Feel confident that all points above 
the line y=z are on the graph of 
y>x. 

. Convince himself that no point on or 
below the line y=2z is a point on the 
graph of y>z. 

Example 2. Graph x+y=y+z. 
In view of the experience he has had in 
graphing linear equations, the student 
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Figure 4 


would be expected to consider an algebraic 
simplification of the given statement. His 
thinking might proceed as follows: 

“T’ll collect like terms. . .. What's this? 
0=0. The origin? I’ll check. Sure, that 
works. Wait a minute, let’s go back to the 
original equation. What does it say? Find 
points for which the z-co-ordinate plus the 
y-co-ordinate equals the y-co-ordinate plus 
the 2z-co-ordinate. That’s silly because 
that’s always the case. Ah-hah, every point 
works. I’ve got it. The graph is the whole 
plane. Shade the whole thing. Really need 
a paint brush to draw this graph.” 

Example 3. Graph x/y=1. (See Fig. 4.) 

The student’s thinking might develop as 
follows as he solves this problem: 

“*T’ll write ‘xy’ on each side. That gives 
me x=y. I’ve had this equation before. 
Its graph is a line through the origin, up- 
per right to lower left. Does that make 
sense? I know that these points have equal 
co-ordinates. Of course, when the numera- 
tor and denominator are the same, the 
fraction stands for 1. 3/3 is 1; —6/—6=1. 
When the terms are different, the fraction 
doesn’t give 1. This looks too easy. Where’s 
the trick? Oh yes, can’t have 0 as de- 
nominator. That means (0, 0) doesn’t 
work. I’!l just put a little circle around the 
origin to exclude it. But (0, 0) satisfies 
x=y. Something’s funny here. What did I 
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do wrong? I rewrote the given equation 
x/y=1as r=y. The point (0, 0) is on the 
graph of x=y, but is not on the graph of 
x/y=1. Of course, now I see it. When I 
transformed the original equation, I wrote 
‘Xy’ on each side, and I was really as- 
suming that y could not be 0 because the 
two equations are not equivalent unless 
the transformation is reversible. Yes, and 
x can’t be 0 either, because 0 divided by 
any number, except 0, is 0 and not 1. 
Hmm, I wonder what the graph of 2/y=0 
looks like... .” 

The graph of x/y=1 is the set of points 
different from (0, 0) and on the line «= y. 

Example 4. Graph the statement ‘x >2 
and y>3.” (See Fig. 5.) 

Students usually recognize that such a 
statement contains two conditions and 
reason somewhat as follows: 

“What does this tell me? Every point on 
the graph must have an z-co-ordinate 
greater than 2 and a y-co-ordinate greater 
than 3. Let me take a look at the first part, 
x>2. That condition is satisfied by every 
point on the right of the point ... no, on 
the right of the line z=2. This whole 
region here. Now, y>3 means every point 
above y=3. But I’m looking for the points 
that do both. I see. The graph of the state- 


Figure 5 








ment “x >2 and y>3” is the set of points 
that are on the right of the line z=2 and 
also above the line y=3. Neither the 
points on the lines themselves nor the 
points on the other sides of the lines satisfy 
the conditions. The problem is solved.” 


Example 5. Graph | 2+y| <0. 

In this case the student may experience 
a momentary confusion: 

“Hmm, absolute value. Absolute value 
of some number is less than 0? That can’t 
be. No matter what point I pick, the sum 
of its co-ordinates must be positive or 
negative or zero. And the absolute value 
will be either positive or zero. So there are 
no points whose co-ordinates satisfy the 
given statement. That means there are no 
points on the graph. What did he call that? 
Ah, I remember; I'll just write ‘empty set’ 
on my paper.” 

The graph of |z+y| <0 does not con- 
tain any points. There are no pairs of real 
numbers satisfying this condition. 
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x<7 and/or 
y>3 


rX~5andy#—2 41. xr(x-—2)>0 


z(y—1)=0 43. x(y—1)>0 
FURTHER APPLICATIONS 

When students have developed the 
ability to draw the graphs for statements 
such as those given above, they have the 
background necessary for further interest- 
ing and challenging problems and applica- 
tions. We have space here to suggest but a 
few of these 

The graph of a system of equations may 
be defined as the set of points common to 
the graphs of the individual equations. 
The various types of systems of equations 
(consistent, inconsistent, indeterminate) 
can be very advantageously studied from 
the point of view of intersections of sets of 
points. 

The student may also be asked to find 
the area of that portion of the Cartesian 
plane which coincides with the graph of a 
system of inequalities such as the statement 
“r>0, y>0, and 7+3y <6.” Or a student 
may be given a closed geometric figure and 


asked to write a system of equations 
and/or inequalities the graph of which is 
the region bounded by the figure. The 
teacher can readily devise problems which 
are very easy as well as problems which 
will challenge the best students. 


SUMMARY 


In this paper we have endeavored to 
show how graphing may be used to facili- 
tate the student’s understanding of alge- 
braic concepts related to pairs of real 
numbers. We emphasized the locus con- 
cept of plane geometry as an important 
aspect of a study of statements about real 
numbers in elementary algebra. We could 
also have emphasized the function con- 
cept, but this was not our present aim. 
Instead we made use of visual and in- 
tuitive geometric concepts as we consid- 
ered the solution of several types of state- 
ments. The students were encouraged to 
base their reasoning on mathematical 
principles—both algebraic and geometric. 
Teachers were encouraged to discuss a 
wide variety of problems so that the stu- 
dents would need to rely upon basic con- 
cepts. Our emphasis upon both algebraic 
and geometric concepts stems from our 
firm conviction that an understanding of 
mathematics rather than a narrow view of 
any one of its branches should be the goal 
throughout all mathematics courses. 





“In some textbooks of elementary mathe- 
matics, particularly the less recent ones, one 
does occasionally come across formulations 
which convey the impression that it is possible 
to attribute an independent meaning to vari- 
ables. Thus it is said that the symbols ‘z,’ ‘y,’ 

. also denote certain numbers or quantities, 
not ‘constant numbers,’ however (which are de- 
noted by constants like ‘0,’ ‘1,’...), but the 
so-called ‘variable numbers’ or rather ‘variable 
quantities.’ Statements of this kind have their 
source in a gross misunderstanding. The ‘vari- 
able number’ z could not possibly have any 
specified property, for instance, it could be 


neither positive nor negative nor equal to zero; 
or rather, the properties of such a number 
would change from case to case; that is to say, 
the number would sometimes be positive, some- 
times negative, and sometimes equal to zero. 
But entities of such a kind we do not find in our 
world at all; their existence would contradict 
the fundamental laws of thought. The classifi- 
cation of the symbols into constants and vari- 
ables, therefore, does not have any analogue in 
the form of a similar classification of the num- 
bers.” 

—Alfred Tarski, Introduction to Logic (New 
York: Oxford University Press, 1950). 
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Some comments on a simple puzzle 


GERALD R. RISING, Brighton High School, Rochester, New York. 


Puzzle situations stimulate interest 
if not used too frequently. 


This puzzle, while not new, may remind some teachers that 


mathematics can be taught through its use. 


MANy TIMEs teachers find it difficult to 
relate textbook situations to situations 
beyond the covers of the text. A great 
deal of effort has gone into devising prob- 
lems for courses at all levels in order to 
make them more closely related to real 
life situations. Often this effort falls short, 
and the student continues to treat text 
and classroom as worlds apart. Many 
times, too, situations created through 
great effort fail to dent the armor of to- 
day’s students, because of what seems to 
be their increasing sophistication. Few 
have failed to witness, for example, the 
marked change in student reaction to 
motion pictures in the classroom. 

The other day a girl in one of my soph- 
omore high-school mathematics classes 
brought in a simple puzzle which, she 
announced, a friend of her father had 
“solved mathematically in ten minutes.” 
Although the mathematical demonstra- 
tion to which the girl alluded was beyond 
the ability level of the students I was 
teaching at the time, I could hardly fail 
to note the quickened interest of class 
members as we considered for a minute a 


situation usually outside the realm of cold 
mathematics. 

This article is a discussion of the prob- 
lem posed by the simple puzzle referred 
to above. The problem itself is not unique 
or even special. But when properly used, 
this puzzle, and perhaps others similar to 
it, can create situations not often achieved 
in school. This particular puzzle-problem 
is related to topics usually found in college 
algebra or advanced high-school algebra. 
Other puzzles may well be sought out for 
lower levels. 

The puzzle is available as a merchan- 
dized product. It consists of a plastic stand 
in which eleven holes are drilled. Ten pegs 
that fit the holes, five red and five blue, 
accompany the plastic stand. An examina- 
tion of the rules of the game show that 
coins and a sheet of paper on which eleven 
circles have been drawn may easily be 
substituted. 

The game is started with pegs of the 
same color grouped at each end with the 
hole in the center left empty as shown in 
Figure 1. The directions stated on the 
manufactured puzzle are as follows: 


Figure 1 
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Object of game is to reverse the positions of 
the two sets of pegs. That is, if red pegs start at 
left, they should finish at right. Blue pegs, vice 
versa. 

Start with center hole open. Pegs of both 
colors may either move one space or jump one 
peg. Jumps of more than one peg NOT per- 
mitted. 

Pegs of both colors can only move forward, 
never backward. 


Only a few minutes are required to solve 
the problem as given. If there is a single 
key, it might be to keep colors alternate 
in the middle of the board. Actually little 
skill is needed to move correctly. 

An equation may be evolved to show 
the relation between the number of pieces 
of each type and the number of moves 
necessary to complete the problem. This 
may be done for one through five pieces 
of each using the board in Figure 1 if end 
pegs are removed. The following table of 
values is discovered by tabulation: 


Number of pegs of one color (x) 
1 2 3 + 
Number of moves to complete problem 
(y) 3 8 15 24 35 
Ay 5 7 9 1] 
A*y 2 2 


The first and second differences included 
here indicate a quadratic relationship. 
Substituting in the general type quadratic 
(y=ax’?+bxr+ec) gives for the first three 
value pairs: 3=a+b+c, 8=4a+2b+e, 
and 15=9a+3b+c. Solution of this sys- 
tem of equations and substitution in the 
general quadratic produces the equation 
for our puzzle: y=2z?+2z, or in factored 
form, y=2(r+2). (Note that this equa- 
tion is simpler than the y=2*—1 of the 
game usually called Tower of Hanoi.) 


ok 


Here is a neat circumscribed problem 
requiring a little dexterity at manipulating 
puzzle pieces, which is easily learned dur- 


ing a brief practice period. Some care in 


tabulation and standard procedure in 
setting up an equation complete the re- 


quirements. With care exercised in de- 
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scribing the puzzle and its rules, it could be 
proposed as a textbook problem. As men- 
tioned previously, circles on a piece of 
paper and coins of two types could be de- 
scribed instead of the manufactured puzzle, 
if such puzzles are not available to the 
students. 

Depending on the ability level of stu- 
dents asked to solve the mathematical 
wrinkle involved here, some of the follow- 
ing questions could be proposed: (1) 
Determine the number of moves necessary 
to solve this puzzle with one to five pieces 
of each color; (2) Make a table of values 
showing the relation between the number 
of pieces of one color and the number of 
moves required to complete the problem; 
(3) By means of successive differences, 
determine the type of equation relating 
these variables: and (4) Derive an equa- 
tion showing the relationship. 

It must be noted that solution time 
would probably be divided about equally 
between “non-mathematical’’ busy work 
and mathematical technique application. 
In the latter steps the student begins to 
do what most texts ask him to do in the 
first place. (How often do we see in our 
text such statements as, ‘‘From this table 
of values... .’’?) This puzzle starts the 
student at the true beginning of a problem 
in an interesting situation similar perhaps 
to situations he might meet outside the 
classroom. These two factors, the interest 
of the student and the proximity to pos- 
sible real situations, overshadow in my 
opinion the fact that steps in working out 
the problem are ‘wasted effort.’’ 

The fact that such a puzzle provides only 
a pseudo-realistic situation does not de- 
tract from its value as a mathematics 
problem. Witness in this regard the in- 
terest in many types of puzzles shown by 
a number of famous mathematicians, in- 
terests which sometimes led to important 
scientific advances. It is an excellent sub- 
stitute or supplement for the mathematics 
laboratory. Usually when we think of the 
mathematics laboratory we are immedi- 
ately confronted with the problems of 
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preparation time, equipment to work with, 
and supervision. The puzzle is a shortcut. 

Perhaps coming across such a problem 
as this in an assignment would be too 
much of a change for the student, and a 
good deal of the value would be lost. 


There is no question that it would be more 
satisfactory if students, unasked, brought 
such puzzles to class at the proper mo- 
ment. Until such a happy time comes, the 
teacher will have to introduce the problem 
himself. 





Have you read? 


Benari, Ram. “Presidential Address,’ The 
Mathematics Student, January-April 1955, 
pp. 39-57. 


If you are interested in the problems of 
mathematics on the other side of the world, you 
will want to read this presidential address. It 
was given before the Indian Mathematical So- 
ciety in December, 1954. It is interesting to note 
the parallelism between India and the United 
States. New mathematics demands new ap- 
proaches. You will appreciate the statement that 
“every major concern among intellectual con- 
cerns of man is a concern of mathematics.’’ Do 
these problems in India sound familiar: (1) out- 
moded syllabi; (2) scarcity of inspiring teachers; 
(3) lack of research facilities; and (4) low pay? 

You may want to try the suggested reme- 
dies: (1) A teacher’s duty is to discover and 
nurture mathematics talent; (2) Scholarships 
must be found for the worthy; (3) Centers of 
work must be established so that ideas can be 
exchanged; (4) More incentive must be given 
for creative work. 

You may be surprised to learn that the 
President feels the two major problems are that 
of (1) mathematics instruction in the light of the 
needs of social scientists, and (2) the clarification 
of the language of advanced mathematics. 

As is usually the case, this presidential ad- 
dress gives a great deal of good historical ma- 
terial, especially that dealing with geometry. 
You and your students will enjoy it. 


Eze.., L. B., and Tarts, Henry Harovp. “High 
School Students Look to the Future,” 
Journal of Educational Research, November 
1955, pp. 217-222. 


This is the report of a research carried on in 
several types of schools involving 1,572 boys and 
girls. As teachers, we need to know all we can 
about where our boys and girls are going after 
completion of high school. This study tries to 
answer this question. A few of the findings are: 


3/5 of Boys and 1/2 of Girls plan to attend 
college. 


1/4 of Boys and 1/5 of Girls plan to go di- 
rectly to a job. 

1/10 of Boys and 1/4 of Girls plan to enter 
trade schools. 

None of Boys and 1/50 of Girls plan to marry 
immediately after high-school graduation. 


What vocations do they hope to enter? 


43 per cent of Boys and 42 per cent of Girls 
plan to enter a profession. 

13 per cent of Boys and 10 per cent of Girls 

plan to enter a trade. 
3 per cent of Boys and 32 per cent of Girls 
plan to enter clerical work. 

There is a high relationship between wishes 
of boys and girls and the education of their 
parents. The desire to go to college seems to 
vary with the grade in high school; the largest 
percentage is found in the Sophomore class. 

This is interesting information, and after you 
read it, you may want to make a similar study 
in your school. 


Tukey, J. W. ‘Mathematical 
Computational Mathematics and Mathe- 
matical Engineering,’ American Mathe- 
matical Monthly, October 1955, pp. 565-571. 


Consultants, 


Although this article is directed toward the 
programs of doctoral candidates in university 
mathematics departments, it contains valuable 
information for the high-school teacher. It helps 
answer the question as to what vocations the 
study of mathematics will admit them. What 
effect. will high-speed calculators, such as 1.B.M. 
701, have on the future professional mathema- 
tician? Is there a solution to the perennial prob- 
lem of engineering mathematics vs. theoretical 
mathematics? 

The author tries to answer these questions 
by consideration of the characteristics and train- 
ing of one who would enter the profession. Some 
of the areas discussed are mathematical consult- 
ants, computational mathematics, theoretical 
mechanics, mathematical engineering, and com- 
puting engineering. Suggestions for mathematics 
departments will interest you and be of value. 
—Puiip Peak, Indiana University, Blooming- 
ton, Indiana. 
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The place of evaluation 


in the secondary school program 


MARIAN C. 


CLIFFE, Los Angeles City Schools, Los Angeles, California. 


Evaluating the outcomes of school life is not simple. It involves 


more than giving an “‘A’ 


ONE WINTER night seven or eight years 
ago snow fell in Los Angeles. Schools were 
closed the next day, not entirely because 
it was difficult for pupils to get to school, 
but because snow was an educational ex- 
perience, as thousands of boys and girls 
were discovering the new thrill of walking 
and playing in snow. 

On the second day schools were in ses- 
sion as usual. On the valley floor the snow 
remained in patches, but in the foothill 
areas snow still lay three or four inches 
deep. A principal on his way to a foothill 
school stopped his car to pick up a junior 
high school boy who carried a paper sugar 
bag full of what appeared to be a very 
large lunch. Driving along looking out 
across the white expanse, the principal 
said, ‘‘This is really pretty. Have you ever 
been in snow before?” 

“No,” replied the boy, “this is the first 
time I’ve been in snow in my whole life.” 

“How do you like it?” asked the prin- 
cipal. 

“Gee, I love it!’ said the boy. “See, 
I've got a whole bag of it here that I’m 
taking to school.” 

While eastern boys and girls may like 
snow and enjoy it thoroughly, I doubt if 
many of them treasure it as did the boy 
who had never seen it before. 

And that brings to mind a factor which 
enters into any discussion of evaluation. 
People are engaged in informal evalua- 
tion of one sort or another most of the 
time. To each of these informal evalua- 
tions, the evaluator brings much of him- 
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self. His past experiences, his set of stand- 
ards, the mores of his particular social 
group, even his own achievements color 
his thinking. And so the little boy’s 
experience of living in a warm climate 
enhanced his appreciation of snow and 
made him evaluate it as a treasure. We do 
see through the eyes of our own experi- 
ence. We do evaluate subjectively. 

Therefore, it is important that as educa- 
tors we concern ourselves with the use of 
objective means of evaluation whenever 
possible, that we seek to improve existing 
evaluative instruments, and that we be 
alert in our search for new approaches 
to the problem of evaluation. 

Actually, objective evaluation is not 
new. From the beginning of time, man 
has been interested in evaluative proce- 
dures more accurate than mere opinion. 
Evidence of this is found in tribal rites 
and customs. As the centuries rolled on, 
evaluation took other forms and meanings. 
In the program of the modern school, it 
occupies an important place. 

To the modern educator, what is meant by 
evaluation? It has been well described as 
the process of gathering and weighing 
evidence which will reveal behavior 
changes of pupils. It is concerned not only 
with growth in the basic skills but also 
with growth in the attitudes, apprecia- 
tions, and knowledge needed for effective 
living. 

In its earliest form, evaluation in the 
schools involved testing. Now, probably 
as a result of the child-study approach, 
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it may include objective tests, measure- 
ment, anecdotal records, interviews, ques- 
tionnaires, rating scales, case study, and 
class records. We are studying the whole 
child, we say. 

Why do we evaluate? The most com- 
monly emphasized reason, although by no 
means the most valid, is evaluation for 
the purpose of assigning ‘“‘marks’’ or 
“grades.’’ But grading as an end in itself 
is not an acceptable reason for evaluation. 
We evaluate for the purposes of promo- 
tion, ability grouping, reporting to par- 
ents. 

But the most valid, the most important, 
use of evaluation in mathematics is as an 
aid to teaching. By evaluating we dis- 
cover growth in skills, abilities and under- 
standings. We learn the nature of difficul- 
ties which may be present. We are then 
able to teach more effectively. 

In providing a sound educational pro- 
gram for high school pupils, what do we or 
what should we evaluate? First, we are 
interested in the academic progress of the 
pupil. We test his computational skill, 
his accuracy, sometimes his speed. We 
attempt to test his understanding of 
processes. We are interested in measuring 
his problem-solving ability. But usually 
we are content to present the problems to 
him for solution. Today the ever increas- 
ing use of computing machines, the auto- 
mation of many processes in industry, 
and the increasing complexity of scientific 
investigation place a new responsibility 
upon the teacher of mathematics. 

Early in 1955 a personnel director from 
one of the nation’s large aircraft com- 
panies spoke to mathematics teachers 
about the need for engineers. He pointed 
out his lack of interest in whether or not 
the men who came to his company could 
solve complicated sets of simultaneous 
equations. He said, “Our equations come 
with 20 or so unknowns. It takes too long 
to solve them. We feed them into a com- 
puter which can solve them in a very short 
time.’”’ He spoke of industry’s need for 
men who can set up the problems which 


the machines will solve and, more im- 
portant still, for men who realize that the 
problems exist. 

Today's schools are preparing young 
people for such jobs, training also the 
thousands who, because of the ever 
increasing complexity of our world, will 
need to think in mathematical terms. The 
evaluation which is part of this prepara- 
tion must include evaluation of problem- 
defining and problem-solving abilities. It 
must place emphasis upon thinking, upon 
meanings and understandings. 

A second answer to the question as to 
what we evaluate might make use of that 
overworked phrase, “the whole child.”’ 
The truth is that there is more to be con- 
sidered about John Jones than his aca- 
demic achievement alone. Frequently his 
difficulties in his mathematics class stem 
from problems of physical, mental, or 
emotional health. 

I should like to refer again to a panel 
of aircraft company experts. Having 
stressed the necessity for rigorous train- 
ing, for alert, well-prepared personnel, 
they indicated the need for one additional! 
attribute; namely, leadership. They con- 
cluded that of the two they would rather 
employ a graduate with a “B” average 
and a record of participation in campus 
activities than an ‘‘A”’ student who had 


not participated. They expressed a pref- 


erence for graduates who were able to 
running at full 
having their 


“without 
without 


earn grades 
steam 
noses buried in a book.” 

The mathematics teacher cannot afford 


pressure, 


to ignore the implications of this state- 
ment, which is by no means unique or un- 
usual. He will recognize his share of 
responsibility for the social and emotional 
adjustment of his pupils. Insofar as is 
possible he will seek to provide a class- 
room climate in which all pupils feel 
themselves to be part of the team. He 
can set the stage so that the intellectually 
gifted are aware of their share of respon- 
sibility for the welfare of the group and 
every member of the class feels accepted, 


? 
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free to participate, important in some 
special way. This is no new thing. It is 
taking place in thousands of classrooms 
where good teachers everywhere consider 
it part of the normal procedure and do not 
let it detract from the main business at 
hand; namely, the teaching of mathe- 
matics. 
Evaluation in 
should not concern itself exclusively with 
the pupil. The educational program of the 
school requires evaluation if it is to grow 
in effectiveness. Are the curricular offer- 
ings adequate? Is the course of study in 
each subject realistic, functional? Is en- 
richment provided for the gifted? Is 
provision made for the slow learner or is 
he lost by the wayside? Are textbooks 


the secondary school 


appropriate, methods the best? 

The alert teacher finds also that self- 
evaluation can be a means of increasing 
his efficiency and his satisfaction in his 
job. He finds it profitable to ask himself, 
once in a while, ‘““Am I giving evidence of 
professional growth?” “What have I 
learned during the past year which has a 
direct bearing on my teaching?” “Am I 
active in a professional organization?” 
“What sort of a person am I in the eyes of 
my pupils?” “Is my voice pleasing, my 
appearance neat, my manner friendly and 
“Do I deal with classroom 
problems objectively?” ‘“‘Am I assuming 
my share of responsibility in the area of 
moral and spiritual values, the develop- 
ment in boys and girls of desirable char- 


interested?” 


acter traits?” 

What are some of the used for 
evaluating the academic progress of the 
pupil, his total personality, the educational 


means 


program, ourselves as teachers? 

We have already indicated that self- 
appraisal is one means of evaluation. 
This method can best be applied by the 
teacher to himself or by a school system 
to itself. For example, one large city school 
system undertook to evaluate its health 
facilities by means of a questionnaire. 
The value of this procedure was not in 
the answers turned in to the central office, 
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but in the improvement which resulted 
from focusing attention upon existing 
conditions. 

Self-evaluation can be carried too far, 
particularly when it is pupil self-appraisal 
of academic or other achievement. We 
cannot and we do not ask Johnny what he 
would like to do today and later ask him 
how well he thinks he did it. 

In the specific field of mathematics, 
evaluation of achievement, growth, com- 
petence, and understanding lend them- 
selves rather well to objective testing. 
Therefore, it is of primary importance 
that we exercise care and intelligence in 
the selection and use of testing instru- 
ments. 

In practice we note the use of teacher- 
made tests, departmental tests, standard- 
ized tests, city-wide tests, and a few “‘make- 
it-up-as-you-throw-it-on-the-board _ tests. 
The good teacher will use several types 
of evaluative devices. To various types 
of testing procedures he will add observa- 
tion, teacher judgment of pupil growth, 
conferences, and appraisal of daily work. 

For mathematics, there is nothing new 
in the use of the objective type test. The 
oldest type is the completion: 7X8=? 
To this have been added true-false match- 
ing, multiple choice, arrangement, and 
others. 

A new trend is in the increasing use of 
the standardized test. Dr. Lee Irvin in a 
study of methods of evaluation found two 
pronounced and divergent attitudes to- 
ward standardized tests. One was a calm 
acceptance, the other a strong opposition. 

She mentions too the interesting fact 
that teachers in Iowa and other midwest- 
ern states list the use of the California 
Arithmetic Achievement Test, while Cali- 
fornia teachers make use of the Iowa Every 
Pupil Test. Apparently confidence in a 
testing instrument is directly proportional 
to its distance from home (C= Kd). 

Brief mention should be made of one 
other type of evaluative procedure. One 
large school system sent a questionnaire 
to a sampling of its recent graduates. 
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Responses included some which may con- 
cern mathematics teachers. If the grad- 
uates could repeat their high school ca- 
reers, their major field of study would in 
many cases be changed. One department 
would have a decrease of 50 per cent in 
enrollment, one would double the number 
of boys enrolled. Mathematics and science 
would hold approximately their original 
numbers. A study of college enrollment 
showed that twice as many boys as girls 
went on to college. 

For graduates who went to work there 
was no significant difference in the matter 
of job satisfaction between those with 
high I.Q.’s and those with low I.Q.’s. 
Both groups were equally well satisfied 
with their jobs. Also, both groups were 
equally able to find and keep jobs. 

In free-responses statements, one-sixth 
of the graduates asked for improvements 
in school personnel. Most frequently 
mentioned was the request for “teachers 
who take a more personal interest in 
pupils.” One boy (1.Q. 107) stated, ““No 
one was personally interested.’’ Another 
(1.Q. 83) wrote, “Too many teachers 
make the students feel it is a real problem 
to like them.”’ One girl (1.Q. 91) wrote, 
“Teachers might try to explain a little 
bit more on how very different life is 
when you're out of school and how very 
grown up it is.” 

On the other side of the ledger were the 
many who expressed satisfaction and ap- 
preciation. ‘““My friendships with teach- 
ers,” said a boy (I.Q. 122), “were more 
important than my friendships with 
pupils.” A girl (I1.Q. 118) wrote, “The 
most valuable thing I learned in high 
school was the imprint of a few teachers 
upon my life.’”’ A boy (1.Q. 86) stated, “I 
learned two things in high school, good 
sportsmanship and how to appreciate good 


music. But it wasn’t the courses that 
taught me this, it was the teachers.” 

We recognize that we should do all 
that we can to improve the program of the 
secondary school. We should make use of 
evaluative instruments and techniques. 
Evaluation is a continuous process. Its 
place in the secondary school program is 
a most important one. We need to appraise 
the total program, improve our efficiency, 
find more ways of meeting pupil needs. 

But we should remember that one of the 
most fundamental of pupil needs is the 
need to be liked, to have someone really 
interested in him, someone who can ac- 
cept him as a person even when his algebra 
is unacceptable. 

For this reason we are reminded that 
above and beyond all that evaluation, 
methodology, textbooks, and curriculum 
can accomplish stands the importance of 
the individual classroom teacher who 
daily lives and works with his pupils. 
Mathematics teachers in general are 
thoughtful people, intelligent people. Be- 
‘cause of that they frequently feel very 
keenly the discouragement which comes 
from not being able to accomplish all that 
their active minds can plan. 

It is, therefore, encouraging to the 
teacher to know that although he may 
have been so busy he has not done as 
much professional reading as he wanted 
to do, nor written the mathematics text- 
book he dreamed to write, nor engaged in 
all the professional activities in which he 
has been interested, yet in the final evalu- 
ation he may have made the most endur- 
ing contribution of all. He has made this 
contribution, if in addition to imparting 
knowledge and abilities, he has given 
friendship, understanding and inspiration 
to the boys and girls who daily troop 
through his classroom door, 
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The role of sensory materials 


in meaningful learning 


EUNICE LEWIS, University High School, 


University of Oklahoma, Norman, Oklahoma. 


Learning aids are used frequently, and many aids are available. 


However, there exists a real need to evaluate the numerous aids available 


in the light of what can be accomplished through their use. 


Ir I sHouLp choose a text appropriate to 
the subject of this discussion, it would be 
from Ecclesiastes, chapter 1, verses 9 and 
10: “... and there is nothing new under 
the sun. Is there a thing of which it is 
said, ‘See, this is new’? It has been al- 
ready, in the ages before us.” 

With this text in mind, I would ask if 
we can lay claim to today’s popular use of 
sensory learning materials? Almost four 
hundred years ago, H. Billingsley of Lon- 
don prepared an English translation of 
Euclid’s Elements, in which appeared 
paper figures pasted so that when opened 
they would make models of space figures. 
This innovation in textbooks precipitated 
a general trend at that time. Many text- 
books appeared with various versions of 
the so-called “stand-up’’ models. As early 
as 1752, John Lodge Cowley of London, an 
ardent exponent of using devices in the 
teaching of geometry, wrote several books 
containing various ‘‘movable schemes.” 
Colored lines instead of letters on dia- 
grams were used in a textbook in 1847. 
This book was probably the first to sug- 
gest the use of colored chalk and colored 
pencils that are currently employed in 
complicated geometric drawings. Obvi- 
ously, those authors reflected a need felt 
for sensory learning materials at that 
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time. Indeed, the text referred to at the 
outset of this paper bears out the fact that 


ae 


sensory materials have ... been al- 
ready, in the ages before us.”’ 

Bearing out the old adage that history 
eventually repeats itself, the use of sen- 
sory materials is found to be a highly 
favored and popular educational tech- 
nique today. Evidence of such popularity 
is indicated by numerous articles written 
on this topic, the large exhibits at profes- 
sional meetings, and the very fact that one 
yearbook of The National Council of 
Teachers of Mathematics was devoted en- 
tirely to the subject of multi-sensory ma- 
terials. However, upon investigation, it is 
often found that many of the previously 
accepted ideas and practices have ceased 
to have a favored role in our present edu- 
cational program. The reasons for such 
changes are varied. One rather common 
reason which might influence the tenure 
of sensory materials in the teaching of 
mathematics is the degree of wisdom exer- 
cised in their selection and use. 

Assuming there is value to be gained in 
the use of these materials, an attempt is 
made to establish criteria that can be used 
as a guide in their selection. It is assumed 
that every mathematics teacher wishes to 
develop the pupil’s interest in mathe- 
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matics, to stimulate his imagination, to 
assist him in developing an understanding 
of concepts, relationships, and processes, 
to encourage him in developing a spirit of 
investigation and discovery, which will 
lead to abstract thinking and the formu- 
lation of generalizations, and to help him 
recognize the applications of mathematical 
principles in practical situations. Many 
claims are found in current professional 
literature that the use of sensory materials 
will aid in achieving these generally ac- 
cepted goals. Consequently, these goals 
appear to be a justifiable basis for criteria 
to be used in selecting sensory materials. 

To illustrate the evaluation of a sensory 
device by using these criteria, the areé 
board, a model commonly used by mathe- 
matics teachers to introduce products and 
factoring, will be used. The area board is 
composed of a square and three rectangles 
which can be arranged to form a larger 
rectangle as in Figures 1-A and 1-B. These 
figures may be cut out of ply-board and 
arranged in a frame as any ordinary cut- 
out puzzle. They also may be cut from 
paper and backed with sandpaper, so 
they will adhere to a flannel board. One 
set of these figures is ruled into square 
units, while in a similar set the rulings are 





Figure 1-A 
































Figure 2 


omitted. This set may be cut from bright- 
ly colored flannel, each piece being a dif- 
ferent color. 

Products are introduced by applying 
the principle used in finding the area of 
these rectangular figures, while factors 
are introduced by using the reverse proc- 
ess of finding their dimensions. The pupil 
finds this process an easy one when the 
model contains the rulings. From this he is 
gradually led to consider the areas of fig- 
ures where the rulings have been omitted, 
as in Figure 1-B. 

The next step is to consider the area 
formed when the square and one of the 
rectangles are arranged as indicated in 
Figure 2. Observing that the area of the 
new figure is determined by adding the 
area of the square to that of the rectangle, 
the pupil is led to see that Y(Y+C) is 
equal to this sum. By assembling the re- 
maining parts of the model (Figure 1-A) 
the pupil readily discovers that the pro- 
duct of (Y+C) and (Y+4A) is equal to 
the sum of the areas of all these parts. 
Hence, by using various combinations of 
the model, a pupil is able to discover and 
understand the product of two monomials, 
a monomial and a binomial, and two bi- 
nomials. When he associates factors with 
dimensions, they will have more meaning 
for him. 


Figure 1-B 
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Invariably as a result of this type of de- 
velopment, some pupil will ask: “How do 
we find the product of (X—A) and 
(X+A)?’’, or, “How can three factors be 
represented?’’ Obviously, his imagination 
has been stimulated. Pupil-constructed 
models answering these questions serve 
as excellent out-of-class activity. Through 
such activities, the pupil’s concepts will 
be enriched, and he will be building a 
background for further mathematical in- 
formation. 

To evaluate this device the following 
questions are proposed: 1. Has it aided 
the pupil in developing a meaningful con- 
cept of the principles involved? 2. Has it 
stimulated his imagination and interest 
sufficiently for him to propose other rela- 
tionships? 3. Has it helped him to recog- 
nize the applications of these principles to 
practical situations? The answers to these 
questions are left to the reader. An affirma- 
tive answer to each should indicate that 
this particular device can be regarded as 
one which contributes to the meaningful 
development of concepts. 

Thus, it is possible to select those sen- 
sory learning materials that can, when 
used with discretion, play an important 
role in meaningful learning. But what cau- 
tion should be exercised in using sensory 
materials? It is generally agreed that these 
materials are very helpful in teaching the 
slow learner, and the slower the learner 
the greater is his need for them. One must 
be aware that the need for sensory ma- 
terials will undoubtedly vary according to 
the degree that the student is able to think 
in abstract terms and to make generali- 
zations without the use of concrete repre- 
sentations—they should not be forced on 
him. The time used by these pupils in 
manipulating such materials could well be 
spent in another activity more profitable 
to them. 

Although the slow learner will profit 
through his experiences with multi-sensory 
materials, it must be recognized that their 
continued use can be equally harmful. 
Just as a crutch is discarded after it has 
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ceased to be useful, so the aid must be 
withdrawn as soon as the pupil's develop- 
ment allows. A prolonged use will be weak- 
ening. 

Another reason for withdrawing the use 
of the model is that it may cease to teach 
and become a toy in the hands of the pupil. 
For example, the elliptic billiard board is 
excellent to illustrate the focal properties 
of the ellipse; yet, when it becomes a toy, 
the learning situation has ceased. Many 
models are of this type, and the teacher 
must be alert to the proper time when it is 
advisable to withdraw them. It has been 
observed frequently that the interest of a 
pupil becomes centered on the operation 
of the device rather than on the mathe- 
matical concept or principle. 

Only those materials that contribute 
toward meaningful learning have been 
discussed. Mention should be made of 
materials used to entertain, enrich, and 
create interest. They are found in abun- 
dance at National Council convention ex- 
hibits and seem to predominate over ma- 
terials designed for developing meaningful 
learning. This observation seems to bear 
out, for the “anti-aids’’ minded person, 
that mathematics teaching is being re- 
placed by courses in art, home economics, 
and shop. The artistic curve stitching, at- 
tractive lamp shades, replicas of stained 
glass windows, wooden dolls with poly- 
hedron heads, all serve to heighten his con- 
cern. Indeed, it is highly possible for such 
activities to become so time consuming 
that they would replace those learnings 
normally expected in the mathematics 
curriculum. However, it is expected that 
wise teachers, recognizing their role, will 
insure that they do not hinder class ac- 
tivities. Many teachers feel that they 
serve best as individual home projects 
and activities for mathematics clubs. It 
must be admitted that materials of this 


type are very impressive, but it is hoped 
that the point has not been reached where 
mathematics must be sold to students, 
as well as to the public, through this 
medium. 
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In conclusion, there are two types of 
sensory materials—those used in develop- 
ing meaningful learnings, and those used 
to enrich, entertain, and stimulate inter- 
est. Each has a role in the pupil’s mathe- 
matical experiences; however, each must 
be used under the guidance of a wise 


teacher who employs certain safeguards. 
In fact, the use of any sensory materials 
should always be regarded as a supplement 
to good teaching and not as a substitute for 
good teaching. There is no substitute for 
an enthusiastic teacher who knows how 
and what to teach. 





Let’s look at language 


Why is it acre, and not square acre? 

Occasionally, pupils do attempt to use the 
latter expression. They have learned that people 
measure areas by using unit squares as measur- 
ing sticks. And, being familiar with square 
inches, square feet, square yards, and square 
rods, pupils acquire just the right set to label 
acres as square acres. 

But acre originally referred merely to a piece 
of land, seldom, if ever, square in shape. Later, 
acre symbolized a specific unit of areal measure; 
it was defined, however, as a rectangle, not a 
square. 

Let us first examine acre as land. In the 
ancient Sumerian language the word agar 
meant a watered field. Also the Latin ager and 
the Greek agros denoted fertile pasture land. 
Likewise, in numerous Teutonic tongues similar 
words designated grazeable or arable country. 
Examples of these include the Gothic akra, the 
Dutch Akker, the German Acker, and the 
Anglo-Saxon aecre. 

The transition from acre as a vague word 
meaning pasturable land to acre as a precise 
word meaning a unit of land, took centuries. 
Indeed, God's acre as a name for a burial ground 
still exists. And Long Acre, the site of St. Mar- 
tin’s church, endures. Also we still use acres to 
connote land, estate, or farm. 

However, as men worked their fields with 
oxen, they found it convenient to refer to the 
area they could plow in one day as an acre. The 
word shifted from land loosely, to land as an 
amount. 

Such a unit, of course, varied considerably. 
Pupils who consider the story of the word acre 
can readily adduce reasons why ‘“‘a day’s plow- 
ing’ could mean many things. 

Gradually acre came to signify a piece of 
ground 40 poles long and 4 poles wide. Statutes 
during the reigns of three English kings (Ed- 
ward I, Edward III, and Henry VIII) thus de- 
fined it. We still use 160 square poles (rods) as 
the legal acre. 

How did poles, or rods enter the scene? They 
originally were wooden sticks that the plowmen 
used to drive their oxen. As is reflected in an- 
cient fables and religious tales, 40 was a popular 
number. And 40 rods was a convenient distance 
to plow before letting the oxen rest a bit. 

But actually the plowers did not measure off 
40 rods. At least they didn’t at first. Instead, 


they plowed until the oxen tired. That distance, 
literally a furrow long, later became the stand- 
ard furlong. It was easy eventually to limit the 
furlong to 40 rods, especially since the distance 
seemed reasonable and 40 was a much-used 
number anyway. Apparently the mile, which 
had varied widely since antiquity, was fixed at 
8 furlongs, or 320 rods. 

The rod also provided a convenient way to 
mark off the distance at which a first return 
furrow might be plowed. Moreover, to plow up 
completely 4 such plots was generally a day’s 
work, 

This was all very simple, and 160 square 
rods per acre stuck. But +/160 is irrational. So, 
also, of course, are \/4840 and 1/43560, wherein 
the radicands indicate the number of square 
yards and the number of square feet, respec- 
tively, in an acre. Accordingly, the idea of a 
square containing an acre and having its side 
expressible as an integral number of well-known 
linear units perishes. 

The history of acre also sheds some light on 
the awkward 16} feet, or 5} yards, per rod. 
Whereas 40 rods per furlong and 8 furlongs per 
mile fit nicely, the number of yards per mile, 
1,760, is not an exact multiple of 320, the num- 
ber of rods in 1 mile. A similar kind of statement 
applies to 5,280, the number of feet in 1 mile, 
and 320. Hence, pupils have to deal with 164 
and 5} instead of integers, which most learners 
probably would prefer. 

Pupils sometimes find further interest in the 
fact that, although the foot and the yard origi- 
nated from measurements of the human body, 
the rod, the furlong, and the acre stemmed from 
measurements of work. 

So, the notion of a square acre lacks the 
sanction of custom and usage. The acre arose 
as a rectangle, not as a square, and our desire to 
compute areas as squares forces us to use square 
rods or square miles, either of which can be con- 
verted readily into acres. 

Possibly during this discussion about the 
word acre the question, ‘‘How about wiseacre?”’ 
has arisen. The answer to that one is brief. 
Wiseacre is not related etymologically to acre. 
Instead, it developed from the German word 
Weissager, a foreteller, prophet, or fortune- 
teller. It now applies, though, to a pretender to 
wisdom. 

—I. H. Brune, Iowa State Teachers College. 
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@ DEVICES FOR A MATHEMATICS CLASSROOM 


Edited by Emil J. Berger, 


Monroe High School, St. Paul, Minnesota 


An electric matching device 


Clarence Olander, 


Mathematics teachers are sometimes 
faced with the problem of having to dis- 
solve attitudes of indifference toward their 
subject. One effective way of doing this is 
through the use of mathematical games. 
If the game is carefully and cleverly de- 
signed, the student usually 
vated and realizes that mathematics can 


becomes moti- 


be fun. 

In this article we suggest a matching 
which may function as a bulletin 
The device is so constructed 


game 
board display. 
that a student may, 
cause a light to flash on if he is able 


by manipulating two 
wires, 
to effect a correct matching of two math- 
ematical facts. The experience of this con- 
indicates that the 


tributor action pro- 


St. Louis Park High School, St. Louis Park, 


Minnesota 


vided by this game evokes much more in- 
terest from students than the usual static- 
type bulletin board. The device which 
we have in mind may be built quite 
simply, or more elaborately, depending 


on the availability of appropriate ma- 
terials. 
To construct the device select a piece 


of }” masonite 4’ by 2’. Paint the masonite 


with white enamel. Drill a series of ten }” 
holes 13” apart, parallel to and 1” from a 
side edge (Fig. 1). Drill a second series of 
ten holes parallel to and at a distance of 
23’ from the first series. Insert an electri- 
cal jack in each of the twenty holes. Paint 
in black the numbers 1-10 alongside the 
first series of holes, and in red, the letters 


Figure 1 
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a~j alongside the second series. In the cen- 
ter of the masonite drill a 3?” hole and in- 
sert a light bulb with attached terminals 
and reflector. To make the device more at- 


tractive paint in a clever caption and the 
face of a clown in such a position that the 


light bulb will serve as the nose (Fig. 1). 
To fasten the two panels of poster paper 
on which the matching items are written, 
drill holes in the 
corners of each panel and use peg board 


masonite near the 


clips as fasteners. 

To complete the electrical circuit drill 
two }” holes near the center of the board 
(perhaps in the tie of the clown). Through 
each hole insert an insulated wire about 
2’ long. Fasten an end of one wire (MN) 
to a terminal of the light bulb and an end 
of the other wire (RS) to a terminal of an 
“A” battery attached to the back of the 
masonite (Fig. 2). Connect the other 
terminal of the battery to the light with 
a short piece of wire (PQ). On the free 
ends (M and 8S) of each of the wires (ZN 
and RS) fasten electrical plugs which will 


9 


fit the jacks. Next, cut ten pieces of insu- 
lated wire, each about 23’ in length. To 
the ends of each, attach small electrical 
clamps. Use each of the ten wires in turn 
to connect (on the back of the board) a 
jack from one series with a jack in the 
other series (e.g., connect jacks 4 and b). 
The combinations which are used must 
correspond with correct matchings of the 
items listed on the panels. In playing the 
game the student is expected to “make 
the right connections.” If he is able to 
make a correct matching, the light will 
flash on. 

The device may be reinforced on the 
back with “reinforcing strips’ and fas- 
tened to the wall if desired. 

The device described is suitable for use 
at all levels of instruction, since the panels 
can and should be changed often with dif- 
ferent sets of matching exercises. Each 
time the panels are changed the combi- 
nations should also be changed. This is 
easily accomplished by re-pairing the con- 
nections between the two series of jacks. 
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The tomahawk 


One of the implements invented for the 
trisection of an arbitrary angle is called 
the tomahawk. Its construction is easily 
effected com- 
passes. 

By applying the conventional Euclidean 
method for trisecting an arbitrary line, 
locate the trisection points C and D on 
segment AB (Fig. 3). With D as center 
and DB as radius, construct a semicircle 
as illustrated. Draw RC perpendicular to 
AB at C. The parts of the drawing which 
form the tomahawk are segment AB, per- 
tepro- 


with straightedge and 


pendicular RC, and the semicircle. 
duce t! elements of the drawing on a 
sheet of transparent paper. 

To trisect an arbitrary angle NOM 
place the tomahawk on the angle in such 
a way that RC passes through vertex O, 
A lies on side OM, and the semicircle is 


Figure 3 
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by Bertram S. Sackman, Albany, New York 


ORILL 1/32" HOLES 
AT cao 


Figure 4 


tangent to side ON at 7. If the foregoing 
conditions are fulfilled simultaneously, 
then angle MOC=} (angle MON). To 
prove the trisection, draw auxiliary lines 
OD and DT as indicated. 

By transferring the construction to a 
piece of 1/16” transparent plastic, a 
template may be developed for trisecting 
any number of angles. Figure 4 shows 
what such an instrument might look like. 
A template whose over-all dimensions are 
6” X8” is rather effective for making mul- 
tisections. 

If a number of congruent tomahawks 
are used in combination, it is possible to 
make multisections that cannot be done 
with straightedge and compasses. 

For example, with the aid of three con- 
gruent tomahawks the regular heptagon 
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becomes constructable. By using four 
congruent tomahawks, the regular non- 
agon may be constructed, and with eight 
congruent tomahawks one may construct 
a regular seventeen-sided polygon. 

To show how such constructions can 
be made, we will describe the procedure 
for dividing an arbitrary angle XOY into 
seven equal parts (Fig. 5). Fix point D on 
the second tomahawk to point D on the 
first tomahawk. Fix point / on the third 
tomahawk to point F on the second toma- 
hawk. Now move the tomahawks into 
such a position that A lies on OX; CR, 
ES, and HQ all pass through O, and the 
semicircle with A as center is tangent to 
OY at 7. Mark the point K as shown in 
Figure 6, and draw KO. Angle KOY is 
one-seventh of angle XOY. 

By this time the reader may 
guessed that the principle just described 


have 
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Figure 5 


can be used to divide an angle of 90° into 
seven equal parts. If one of these parts is 
doubled and then doubled again, the re- 
sulting angle is one-seventh of 360°. 


and subtraction nomograph 


by Donovan A. Johnson, University of Minnesota High School, 


On a sheet of plain paper draw three 
parallel horizontal lines approximately 
three inches apart. Label these lines A, 
B, and C as illustrated in Figure 6. Draw 
a vertical line at the middle of the sheet. 
Lines A and C should be numbered in 
even spaces to the left and right of the 
vertical line which represents zero. All 
numbers on the left are negative, and all 
numbers on the right are positive. The 
center line, B, is also numbered, but each 
mark on this line has a numerical value 
twice that of an equivalent distance on 
scales A and C. If a straightedge is used 
to connect any number on A with a num- 
ber on C, the sum of these numbers may 
be found by noting the value of the point 
on B which lines up with the intersection 
of the straightedge (A+C=8). In a 


Minneapolis, Minnesota 


similar manner this nomograph can be 
used for subtraction (A=B—C). 


Figure 6 


+ + + 4 


8 10 2 I4 
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@ HISTORICALLY SPEAKING, — 


Edited by Phillip S. Jones, University of Michigan, Ann Arbor, Michigan 


[rrationals or incommensurables {— 


the Greek solution 


Both the Pythagorean number-theo- 
retic proof of the irrationality of /2 


of the incommensurability of the side and 


or 
diagonal of a square) and the successive 
subtraction process which we applied to 
the square and the pentagon in earlier 
articles' required generalization before one 
could claim that mathematicians had a 
theory of irrationals. Some generalizations 
developed quite rapidly. We shall merely 
sketch in the steps in this development 
and explain the finished product as it ap- 
peared in Euclid 

The chief contributors to this develop- 
ment were Theodorus of Cyrene (ec. 400 
375 B.c.), and Eu- 
doxus of Cnidos (ce. 400-347 B.c.). Theo- 
dorus showed the irrationality of the non- 
square integers from 3 to 17. Exactly how 
he did this is not certain, nor why he 
stopped with 17; but the fact that he 
treated only these cases indicates that he 
still did not have a 
Theaetetus, on the other hand, is sup- 


B.c.), Theaetetus (ec. 


general process.” 


posed to have been the original source for 
such general theorems as Euclid, Book X, 
Proposition 8: If two magnitudes have not 
to one another the ratio which a number has 


to a number, the magnitudes will be incom- 


1 P. S. Jones, ‘‘Irrationals or Incommensurables I, 
Il,” THe Maruematics Teacuer, vol. XLIX 
(February 1956), pp. 123-127, (March 1956), pp 
187-191. 

2B. L. van der Waerden, in Science Awakening 
(Groningen, Holland: P. Noordhoff, Ltd., 1954), pp. 
145-46, summarizes several interesting theories which 
explain why Theodorus stopped with \/ 17, one reason 
being that the special diagram of Figure 1 laps itself 
at 17. 
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Figure 1 


mensurable ; and Book X, 9: The squares on 
straight lines commensurable in length have 
ratio which a square 
; and 


to one another the 
number has to a square number; ... 
Squares which have not to one another the 
ratio which a square number has to a square 
number will not have their sides commen- 
surable in length either.* 

The use in these propositions of the 
words ‘‘magnitude,’’ “‘line,”’ and “squares 
on lines”’ as different from “‘numbers”’ in- 
dicates that ‘‘number’”’ was still “integer’’ 
to the Greeks. It still had not occurred to 
them to extend the number system to in- 
clude new numbers—irrational numbers— 
in order that the ratios of all magnitudes 
could be represented by numbers. How- 
ever, there is at this time explicit recogni- 
tion of that which was a “logical scandal’ 

T. L. Heath, The Thirteen Books of Euclid’s 


Elements (Cambridge: The University Press, 1908), 
vol. III, p. 28. 
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to the Pythagoreans—the existence of 


magnitudes, areas or lines, which did not 
have ratios representable by integers. 
definition of 


Eudoxus provided the 


equal ratios or proportion and the method 


for using the definition which for cen- 
turies and until relatively recent times was 
the tool for dealing with the ratios of 
incommensurable quantities without the 
use of irrational numbers. This definition 
as stated in Euclid’s Book V, Definition 5, 
was: Magnitudes are said to be in the same 
ratio, the first to the second and the third to 
the fourth, when, uf any equimultiples what- 
ever be taken of the first and third, and any 
equal multiples whatever of the second and 
fourth, the former equimultiples alike ex- 
ceed, are alike equal to, or alike fall short of, 
the latter equimultiples respectively taken in 
This says that 


corresponding order.4 


a:b=c:d if and only if 
ka>mb implies ke>md 
ka=nb implies ke=nd 
ka<pb implies ke< pd. 


An illustration of the use of this defini- 
tion is to be found in the proof of the 
theorem: parallelograms 
which are under the same height are to one 
another as their bases. In Figure 2, ABC 
and ACD are two triangles with the same 
height. Produce BD in both directions 
laying off any number of segments 
BG =GH = BC and DK=KL=CD. Com- 
plete the triangles with these segments as 
bases and with vertex at A. Therefore 
triangle AHC is the same multiple of 
ABC that base HC is of BC. 

Similarly triangle ADL is the same 
multiple of ACD as DL is of CD. 

“Thus there being four magnitudes, 
two bases BC, CD, and two triangles A BC 
and ACD, equimultiples have been taken 
of the base BC and the triangle ABC, 
namely the base HC and the triangle 
AHC: and of the base CD and the triangle 
ADC other, chance, equimultiples, 
namely, the base LC and the triangle ALC; 


Triangles and 


4 [bid., vol. II, p. 114. 





Figure 2 


and it has been proved that if the base HC 
is in excess of the base CL, the triangle 
AHC is also in excess of the triangle ALC; 
if equal, equal; and if less, less. Therefore 
as the base BC is to the base CD, so is the 
triangle ABC to the triangle ACD.’ 

The proof for parallelograms was simi- 
lar. Today, as then, logically some recog- 
nition of the possible irrationality of the 
dimensions of geometric figures must be 
made at the time of defining their areas or 
the ratios of areas. This may be done in 
several ways. One procedure is to postu- 
late a correspondence between the 
“lengths” of lines or between points on 
lines and the real numbers (which of course 
include irrationals) and to assume the 
ability to operate with irrationals. A sec- 
ond procedure is to use a limit idea ex- 
plicitly in getting the ratio of a figure, e.g., 
a rectangle, to a figure defined to have a 
unit area. Of course and unfortunately, 
there has also been a tendency to ignore 
the whole question in secondary school in- 
struction. 

Both Eudoxus’ definition of proportion 
and his “method of exhaustion” are illus- 
trated by Euclid XII, 2, which says: 
Circles are to one another as squares on the 
diameters. The proof is an indirect proof in 
which the desired conclusion is reached by 
showing that assuming the ratio of the 
circles to be different from the ratio of the 
squares of the diameters leads to a con- 
tradiction. 

The essential steps in the proof are 
shown on the next page with Figure 3 to 
illustrate them. 


5 Jhid., vol. II, p. 191 
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Figure 3 


circle BXARD BD 


——— ¢ 
circle FKENH FH? 


then 


BD? circle BXARD 


FH? S 


where S is some circle other than 
FKENH. 

S is either greater or less than circle 
FKENH. Assume it is (Here 
another type of indirect proof is being 
used. We will follow through only one- 
half of it, the “less than’’ part.) 

If EFGH is a square inscribed in 
FKENH it is more than one-half of 
FKENH because the inscribed square 
is one-half of a circumscribed square 
and the circle is less than its cireum- 


less. 


scribed square. 

Use the midpoints KN MP of the ares 
as vertices of triangles based on the 
sides of the inscribed square. These 
triangles are together more than one- 
half of the area between the inscribed 
square and the circle. 

By repeatedly inscribing triangles in 
smaller and smaller circular ares one 
can eventually arrive at an inscribed 
polygon which differs in area from 
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circle FRKENH by an amount less than 
the difference between circle FARENH 
and S. In other words, there 
polygon in FKENH which is greater 
than S, 
Now inscribe a similar polygen in 
BXARD. Then: 
area of polygon in BX ARD 
area of polygon in FKENH 

BD? circle BXARD 


‘FH? Ss 


is a 


But circle BX ARD is greater than the 
polygon in BXARD, hence the pro- 
portion shows that S is greater than 
the polygon in FKENH. 


But this conclusion contradicts the con- 
clusion of step (5), and hence the assump- 
tion of step (2) that S is less than circle 
FKENH is false. 

A similar procedure would show that S 
cannot be larger than circle FKENH and 
thus the original theorem is established. 

Note that Eudoxus’ “method of ex- 
haustion’”’ makes use of Euclid X, 1: Two 
unequal magnitudes being set out, if from 
the greater there be subtracted a magnitude 
greater than its half, and from that which is 
left a magnitude greater than its half, and if 
this process be repeated continually, there 
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will be left some magnitude which will be less 
than the lesser magnitude set out.® In XII, 2, 
the lesser magnitude was the difference be- 
tween circle FKENH and S. 

This proposition was also used to prove 
X, 2: Lf when the less of two unequal magni- 
tudes is continually subtracted in turn from 
the greater, that which ts left over never meas- 
ures the one before it, the magnitudes will be 
incommensurable, This is a general theorem 
on incommensurables, and, like XII, 2, also 
has embodied in its proof the subtractive 
approach which we discussed earlier. 

The subtractive approach coupled with 
X, 1 (which can be derived from what is 
today called the Axiom of Archimedes) 
comes close to modern limit ideas. In 
Greek times they were closely related to 
the philosophical-physical problem of 
whether matter or magnitude is infinitely 
divisible. Were we to tell the entire story 
of incommensurables and all the related 
questions of Greek mathematics, we 
would have to discuss Democritus (470?- 
370? B.c.), the first atomist who wrote 
two books on irrational lines, Zeno (¢.450 
B.c.) and his paradoxes, the ideas of An- 
axagoras (c. 440 B.c.) on infinite divisi- 


bility, as well as Antiphon (c. 430 B.c.), 
Bryson (c. 450 B.c.), and Archytas (e. 
400 B.c.), who had some conception of the 
method of exhaustion before Eudoxus. 
However, we will close our discussion 
of incommensurables through the Greek 
period by quoting B. L. van der Waerden 
on a topic also related to some studies of 
Greek art. Some persons have termed the 
Greeks ‘tactile’? minded, emphasizing 
sculpture more than painting, for ex- 
ample, and have cited the geometric na- 
ture of Greek algebra as further evidence 
of this. Van der Waerden writes, however, 
“The Greeks knew irrational ratios very 
well—that they did not consider 1/2 a 
number was not ignorance, but a strict 
adherence to the definition of number. . . . 
In the domain of numbers [as viewed by 
the Greeks] x?=2 can not be solved, not 
even in the ratios of numbers. But it is 
solvable in the domain of segments; in- 
deed the diagonal of the unit square is a 
solution. ... It is therefore logical neces- 
sity, not the mere delight in the visible, 
which compelled the Pythagoreans to 
transmute their algebra into a geometric 


7 


form.’”? 


6 Jhid., vol. III, p. 14. 7 Van der Waerden, op. cit., p. 125 ff. 





“Pupils who have not an unusually strong 
natural bent towards mathematics are led to 
hate the subject by two shortcomings on the 
part of their teachers. The first is that mathe- 
matics is not exhibited as the basis of all our 
scientific knowledge, both theoretical and prac- 
tical: the pupil is not convincingly shown that 
what we can understand of the world, and what 
we can do with machines, we can understand 
and do in virtue of mathematics. The second 
defect is that the difficulties are not approached 
gradually, as they should be, and are not mini- 
mized by being connected with easily appre- 
hended central principles, so that the edifice of 
mathematics is made to look like a collection 
of detached hovels rather than a single temple 
embodying a unitary plan.’”’—Taken from The 
Common Sense of the Exact Sciences by William 
Kingdon Clifford. Pp. vit—viit. 
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@ MATHEMATICAL MISCELLANEA 


Edited by Adrian Struyk, Clifton High School, Clifton, New Jersey 


Three folding models of polyhedra 


Folding models of the sort considered 
in this article usually arouse considerable 
interest. They are designed particularly 
for showing how one polyhedron may be 
inscribed in another and for aiding the 
investigation of relationships involved. 
Patterns for three of the simplest of such 
models are presented below—one for a 
cube with inscribed regular tetrahedron, a 
second for a rhombic dodecahedron with 
inscribed cube, and the third for a rhombic 
dodecahedron with inscribed regular octa- 
hedron. 

Let A be a particular vertex of a cube. 
On each of the three faces which meet at 
A draw the diagonal from A. Let these be 
AB, AC, AD. On the remaining faces of 
the cube draw BC, CD, DB. These also are 


Figure 1 
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by Adrian Struyk 


diagonals of the respective faces. The six 
named diagonals are the edges of a regular 
tetrahedron inscribed in the cube. Cutting 
along the faces of this inscribed tetra- 
hedron frees it from four other tetrahedra 
four ‘‘corners’’—which, in effect, sur- 
round it to make up the cube. The model 
to be described produces just this effect. 
Figure 1 consists of an equilateral tri- 
angle surrounded by isosceles right tri- 
angles and furnishes a pattern for one 
corner of a cube. Construct four of these 
tetrahedra, and paste them, equilateral 
face down, on a pattern for a regular tetra- 
hedron. The result looks like Figure 2. 
Bring the vertices X, Y, Z of this model 
together at one point by folding along 
RS, ST, TR. This forms a cube with a 
regular tetrahedron inscribed. Unfolded, 


Figure 2 


Y 
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Figure 3 


the model presents an intriguing appear- 
ance, and its purpose is not readily appar- 
ent. A very pretty effect is achieved if the 
model is painted with three colors so that 
opposite faces of the cube have the same 
color. Model airplane dope is excellent for 
this purpose. 

The twelve faces of a rhombic dodeca- 
hedron are congruent rhombuses of such 
shape that the longer diagonal is ./2 times 
the shorter one. A convenient way to lay 
out such a polygon is shown in Figure 3. 
ABCD is the required rhombus, obtained 
by making OA and OC each equal to half 
a side of the square whose diagonals are 
BD and B'D". 

If on each face of a rhombic dodeca- 
hedron the shorter diagonal is drawn, the 
twelve line-segments are the edges of the 
inseribed cube. This cube is surrounded by 
six pyramids. For a model use Figure 4, a 
square with four adjoining triangles simi- 
lar to triangle ABC of Figure 3. Construct 


six square pyramids according to this pat- 
tern, and paste them, square face down, 
on a pattern for a cube. The result looks 


like Figure 5. Folded so that the six 
squares form a cube, the surmounting 
pyramids form a rhombic dodecahedron. 

The twelve line-segments obtained by 
drawing the longer diagonal on each face 
of a rhombic dodecahedron are the edges 
of a regular octahedron. On each face of 
this inscribed octahedron there is a tri- 
angular pyramid. The corresponding 
model, therefore, requires tetrahedra pat- 


Figure 4 





























Figu red 


Figure 6 
terned after Figure 6—a regular triangle 


surrounded by three triangles similar to 
triangle ABD of Figure 3. Make eight such 
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tetrahedra, and mount them on a pattern 
for a regular octahedron, as indicated in 
Figure 7. The rhombic dodecahedron ap- 
pears when the eight triangles are ar- 
ranged to form a regular octahedron. 

Both dodecahedral models are greatly 
enhanced by color. Just as the twelve 
edges of a regular octahedron form three 
squares, so the twelve faces of the rhombic 
dodecahedron fall naturally into three 
square bands, or girdles, of four faces each. 
Using three colors, paint the four faces of 
a band with the same color. 





Soviet aerial progress poses 
real threat, air chieftain warns 


The United States needs more and better 
engineers and scientists to develop superior 
weapons for the nation’s defense if we are to 
meet the threat of the U.S.S.R., according to 
General Thomas D. White, Air Force Vice Chief 
of Staff. 

The Soviet Union, General White warned in a 
recent nationwide address, has come from a 
period in which most of the population was 
illiterate to a point where their present output 
of scientists and engineers exceeds that of the 
United States, and they are now showing signs 
of technological maturity. 

Even though many of their spectacular suc- 
cesses have been the results of duplicating basic 
equipment taken from the Free World nations, 
the Soviets have accomplished many things 
that our experts said they could not do. Even 
more surprising, some of the things the Russians 
were supposedly unable to do at all, they not 
only did, but did in a hurry. 

As examples of this, General White cited: 


The B-29—It was thought in this country 
that it would take the Reds six or seven years 
to duplicate it. It took them two. 

The jet engine—It was estimated it 
would be difficult to make a good copy of a 
British jet engine. Russia produced a better 
version of this engine in less than a year. 

The atom bomb—American experts pre- 
dicted that it would take from six to ten 
years to produce a similar bomb, if they were 
able to produce it at all. The Soviets rocked 
the world with a nuclear explosion in about 
three years. 


Genera! White said that this knowledge is 
evidence of the Soviets and the advances which 
are being made by them. 
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America’s answer to this growing Red 
threat lies in ‘‘Power for Peace,” he said, and 
this power lies in having forces in being and in 
developing superior weapons systems which will 
keep the United States ahead of the enemy. 
Taken from Planes, official publication of the Air- 
craft Industries Association of America. Septem- 
ber, 1955, Volume 11, Number 8. 


Plane-makers 
face weight problems 


“Designers of America’s sleek jet fighters 
and bombers have become as figure conscious 
as any of the famous couturiers—Dior, Ceil 
Chapman or Claire McCardell. And, even though 
for an entirely different purpose, they are far 
more weight-conscious of their aircraft models. 

“The design engineer of one of this nation’s 
largest aircraft manufacturers, for example, just 
recently ordered a streamlining of an electrical 
plug and receptacle. The redesigned items would 
weigh four tenths of an ounce instead of 3.2 
ounces. With forty of the plugs to be used in a 
new jet fighter model, this would mean a total 
weight saving of 7.3 pounds. 

“Considering that these accessories are to 
be installed aboard a 30,000-pound jet fighter 
plane, saving 7.3 pounds doesn’t seem like much 
to worry about. But that small saving of weight 
in the design of an electrical unit resulted in a 
reduction of $3,650 in the final cost of that 
fighter. Multiplied in terms of the hundreds of 
planes on order, the saving on this one item 
passed on by the aircraft manufacturer to Uncle 
Sam’s taxpayer becomes a figure to reckon 
with.”’-—Taken from Planes, Official Publication 
of the Aircraft Industries Association of America. 
November, 1955, Volume 11, No. 10. 
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®@ MEMORABILIA MATHEMATICA 


Edited by William L. Schaaf, Brooklyn College, Brooklyn, New York 


Philately and mathematics 
a further note 


Alluding to the permanence of math- 
ematical achievement, G. H. Hardy! 
wrote: 

In these days of conflict between ancient and 

modern studies, there must surely be something 
to be said for a study which did not begin with 
Pythagoras and will not end with Einstein, but 
is the oldest and the youngest of all. 
By a quaint turn of poetic justice, both 
Pythagoras and Einstein have recently 
been honored on postage stamps, each 
for the first time, and only a few months 
apart. In the latter part of 1955, Greece 
at long last honored the Sage of Samos 
by observing the 2,500th anniversary of 
the founding of the first school of philos- 
ophy by Pythagoras at Tiganion on the 
island of Samos. To commemorate the oc- 
casion, the name of Tiganion was changed 
to Pythagoras, and a set of four stamps 
was issued: 2 drachma green, 3.50d black, 
5d plum, and 6d light blue. The 2d and 
5d stamps picture an ancient coin and his 
bust; the 6d stamp shows a stylized map 
of the island of Samos; and the 3.50d 
stamp, bearing the legend 


IITOATOPEION QEQPHMA 


dramatically pictures the famous right- 
triangle-with-squares in black and gray 
against a white background. A very at- 
tractive set of stamps, in the humble 
opinion of an ardent collector. 

Albert Einstein (1879-1955), the emi- 
nent theoretical physicist and mathema- 
tician whose contributions have rocked the 
very foundations of Western culture, was 


1A Mathematician’s Apology (Cambridge Uni- 
versity Press, 1940), p. 16. 


honored, appropriately enough, by the 
state of Israel, which issued a commemo- 
rative 350-pruta stamp in early 1956. 
The stamp carries a portrait of the re- 
nowned mathematician in his later years, 
and inscribed near the portrait in the vi- 
gnette is the fabulous formula, 2 = mC”. 

To round out this little note on math- 
ematics and philately, we cannot resist 
calling attention to a few miscellaneous 
stamps related to mathematics that have 
not been pointed out elsewhere so far as 
we know. There are at least three stamps 
showing the Trylon and Perisphere of 
New York’s World’s Fair days: Iceland, 
20A., crimson, 1939 (#213); Ecuador, 2c., 
light olive green, 1939 (#388); United 
States, 3¢, deep purple, 1939 (#853). 

A stamp incorporating a stylized spher- 
ical triangle in its design is Iceland, 35A.., 
bright ultramarine, 1940 (#233); stamps 
featuring the sector of a circle are Chile, 
40c., carmine and 2.50 p., deep blue, 
1947 (#247, 248); and a stamp depicting a 
segmented world map is Australia, 33d., 
gray and red, Y.M.C.A. centennial issue 
(1955). Two stamps showing a modern 
telescope are United States, 3¢, blue, 
Palomar Mountain Observatory issue, 
1948 (#966), and Japan, 8y., dark blue- 
green, 1949 (#478), commemorating the 
50th anniversary of the Mizusawa Lati- 
tudinal Observatory. Then there is the 
stamp showing the surveyor’s triangula- 
tion point, Switzerland, 70c., purple, 1949 
(#339); also the prize-winning stamp de- 
sign showing a glider symbolizing aero- 
dynamic buoyancy, Switzerland, 1.50 fr., 
dark violet and yellow, 1949 (#C 45). 
Finally, a 25-lire gray-green stamp of 
large format was issued by Italy late in 
1955 to commemorate the Centenary of 
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Professional Instruction in that country. 
The stamp shows a young student point- 
ing to a drawing board which bears what 
appears to be a problem in geometry. In 
his left hand is a smaller drawing board 
and drawing instruments; to his right are 
a triangle and compass, an Etruscan vase, 
and a hammer and anvil. 

Of course, some mathematically minded 
philatelists, or should we say philatelic- 
minded mathematics teachers, will also 
wish to include various older and current 
issues of United States stamps bearing 
portraits of Jefferson and Franklin—the 
former because of his interest in surveying 
and in systems of weights and measures, 
and the latter because of his association 
with the famous 8 X8 magic square which 
bears his name. Including Jefferson and 
Franklin in such a collection is scarcely 
less justified than including Avicenna or 
Farabi; however, that is merely one 
opinion. More important, we have seen a 
stamp (one of a set of perhaps 6 or 8) from 
some European country (we have for- 
gotten which country) which depicts a 
mathematics classroom with mathemati- 
cal symbols on the blackboard. We even 
seem to remember that the stamp is rose, 
or carmine, or red. If any reader can 
identify this stamp, we should indeed be 
grateful. It is possible that two stamps of 
this series carry the same scene of a math- 
ematics classroom. 


The dawn of an era 


By the middle of the 18th century the initial 
. . Before more than a 
streak of grey had appeared at the horizon’s 
rim, they proclaimed the dawn and announced 
how wonderful it was, how marvelous the new 
day would be.—Lewis Mumford 


preparations were over. . 


As Mark Napier once observed, ‘The 
century which commenced with the Canon 
Mirificus Logarithmorum, and was fol- 
lowed by the Novum Organum Scienti- 
arum, deserved to be closed by the Prin- 
cipia Mathematica; and thus it is that 
Napier and Bacon and Newton created the 
transcendant era of science and, to use a 


congenial phrase, brought up gloriously 
the lee-way of old England.’” 

What in historical perspective is un- 
questionably a memorable and fascinating 
era in the development of mathematical 
thought, has been characterized in glow- 
ing terms by Montucla*® in the following 
passages. For us they recapture the spirit 
of a bygone era with mellow nostalgia and 
genuine fidelity. 


Among the ages which have successively 
contributed to the advancement of the sciences, 
that which is now fleeting away [the 18th cen- 
tury] holds undoubtedly the highest rank, and 
probably no succeeding age will deprive it of 
that elevation. Far be it from us to fix a limit to 
the human mind. Who knows the last boundary 
of knowledge, or where she must stay her step! 
Day after day uttereth knowledge, and to dis- 
regard the progress of discovery would be to 
withhold unjustly the tribute that is due to our 
illustrious contemporaries. Still, when we regard 
the wonderful flight which the sciences, and 
especially the mathematics, took in the seven- 
teenth century, we must admit, that, whatever 
perfection they may receive from succeeding 
ages, a vast portion even of their glory will ever 
reflect back upon the age which so propitiously 
commenced the career. How brilliant is the spec- 
tacle which that era presents! How fascinating 
and admirable to the philosophic eye! If we turn 
to the pure mathematics, we find in the first 
years of that century LOGARITHMS, that in- 
vention so ingenious, and whose utility sur- 
passes its ingenuity. We perceive the algebraic 
analysis, or the resolution of equations, greatly 
advanced by the discoveries of Harriot, Des- 
cartes, Newton, Halley. A new geometry, gener- 
ated in the hands of Cavallieri and cultivated by 
others, aspires to researches far beyond the 
penetration of antiquity. Descartes in the mean- 
while explores another path, and, applying the 
analysis to his geometry, gives the theory of 
curves an extension and play hitherto unknown 
and invents a variety of methods of solving with 
perfect certainty the most difficult problems in 
that branch of science. Fermat, the rival and 
contemporary of Descartes, pursues the same 
career and promulgates inventions in which the 
germ of the new calculus is greatly developed. 
Wallis, Barrow, Gregory, enrich geometry with 
a multitude of new methods and discoveries. 
Newton at length gives birth to that sublime 
geometry, compared with which the labours that 
paved the way were as trifles, and has furnished 
the only key to those difficult investigations 
which occupy the geometers and naturalists of 


2 Mark Napier, Memoirs of John Napier of 
Merchiston (Edinburgh: Wm. Blackwood, 1834), p. 


374. 
3 Histoire des Mathématiques (1758), II, 2-4. 
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the present day. If we carry our view to the 
mixed mathematics, we will be no less delighted 
with the prospect of their acceleration. Me- 
chanies present to us the laws of motion and its 
communication, the laws of the acceleration of 
heavy bodies, of the path of projectiles, of the 
motion and reciprocal action of fluids. We see 
them enriched by several profound theories 
such as the centre of oscillation, the resistance of 
fluids, the doctrine of central forces, &c. At the 
same time the progress of optics is proceeding 
with equal brilliancy, the laws of vision and re- 
fraction unfolded, and a new science rises from 
that foundation. The telescope and microscope 
afford aids unknown to antiquity, the rainbow 
is submitted to reason, light is analyzed, and the 
various refrangibility of colours detected, the 
reflecting telescope is conceived and constructed 
with success, astronomy, in fine, presents us at 
once with the discovery of the actual forms of 
the planetary orbits and of the laws which pre- 
side over the celestial motions. Soon after the 
invention of the telescope, we see astronomers as 
it were soaring into space, descrying the spots on 
the sun, the motion of that luminary round its 
axis, the phases of Venus and Mercury, the little 
planets which attend like moons the steps of 
Jupiter and of Saturn with his marvellous ring— 
phenomena which shed a meridian light upon 
the true system of the universe. Upon these ob- 
servations geography is entirely remodelled, the 
earth is measured with an accuracy far sur- 
passing the measurement of the ancients, and 
her true form is ascertained, the truth of 
Kepler’s observations is demonstrated by means 
of a profound application of geometry and me- 
chanics to the motion of the heavenly bodies, the 
comet is controlled into a planet, and the career 
of that rare apparition submitted to calculation. 
The moon, so long rebellious to astronomy, is 
captive at length, and her eccentricities ac- 
counted for. And at last, from the hands of the 
immortal Newton, we receive the system of 
physical astronomy, the masterpiece of geome- 
try and mechanics, accumulating daily new con- 
firmation from the combined labours of geome- 
tricians and observers. 


On the scope of mathematics— 
then and now 


Still steeped in an aura of lavender and 
old lace suggested by the above quotation 
from Montucla, we cannot resist reprint- 
ing an excerpt from Thomas Thomson’s 
History of the Royal Society.4 The passage 
appears at the beginning of the section on 
“Mathematics” and alludes briefly to the 
meaning and scope of mathematics as re- 
garded by scholars a century and a half ago. 


4 (London: 1812), p. 239. 


The word Mathematics, originally Ma@nois, 
signifies, literally, instruction; and is usually sup- 
posed to have been applied by the Greeks to a 
science of which they were in some measure the 
inventors, in consequence of the high estimation 
in which they held it. This science treats of those 
quantities which are capable of being measured, 
and which on that account have been called 
proper quantities. They consist of the following 
three, namely, extension, duration, number. All 
other quantities are improper, and can only be 
introduced into mathematics, by artificially ap- 
plying to them some proper quantity as a 
measure. Thus velocity, considered by itself, is 
not susceptible of measurement, and, of course, 
we cannot determine how much one velocity 
surpasses another. But if we make the space 
passed over in a given time the measure of ve- 
locities, then they become susceptible of accu- 
rate comparison, and consequently of mathemati- 
cal investigation. Some improper quantities are 
of such a kind that we cannot apply any proper 
quantity as an artificial measure of them. 
Beauty, virtue, love, and many others, are of 
this nature. Such quantities can never become 
the objects of mathematical investigation. We 
may, indeed, throw our reasoning respecting 
them into a mathematical shape, and ring 
changes upon mathematical formulas; but such 
reasoning can never promote our knowledge of 
these improper quantities, or contribute in the 
least to the advancement of truth. 

The proper subjects of mathematics, then, 
are number and extension; for duration may be 
easily joined to either the one or the other of 
these quantities. Hence the science naturally 
divides itself into two parts; namely, arithmetic, 
which treats of number; and geometry, which 
treats of extension. These two parts were, for 
many ages, considered separately. But, they 
have been gradually so united and blended to- 
gether, that, in the present improved state of the 
science, they no longer admit of separate in- 
vestigation. They constitute two streams, rising 
from distant sources, and running a long and 
parallel course: at first, only small and incon- 
siderable, but, fed each during its progress by a 
thousand rills, they swell into two mighty rivers, 
which, gradually approaching, at last mix their 
waters together, and flow united into the vast 
ocean of truth. 

Mathematics constitute the most splendid 
monument of the human intellect. They are of 
vast extent, and, unlike the other sciences, they 
have never suffered any retrogression. Every 
mathematical truth, when once developed by 
that rigid principle of demonstration, which 
alone the true mathematician admits, consti- 
tutes ever after a part of the science, which no 
man, who understands the subject, will venture 
to callin question. At times, indeed, the progress 
of the science has been in a great measure sta- 
tionary, while at others it has moved with 
prodigious celerity but at no period has it been 
retrograde. Mathematics have been divided into 
two great branches. The first branch, which 
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treats of pure number and extension, has been 
called pure mathematics; the second branch 
comprehends most of the sciences belonging to 
mechanical philosophy; which, by means of cer- 
tain contrivances, have been subjected to 
mathematical investigation, and owe most of 
their improvements to that powerful auxiliary. 
This branch, which is of prodigious extent, has 
received the name of mized mathematics. 

How naive all this sounds today! What 
incredible advances in mathematics have 
been made since then! How utterly 
changed, in the span of scarcely four or 
five generations, have become our con- 
cepts of the very nature of mathematics. 
One is tempted to speculate on what sort 
of an appraisal a future biographer will 
shortly make of the viscissitudes of science 
during the fifty years we have just left be- 
hind and how that description will sound 
to a reader a century and half hence! 


An “apology” for mathematics 


In a facetious manner of speaking there 
are doubtless many persons who, with 
some feeling in the matter, are quite con- 
vinced that mathematics has much to 
“apologize’”’ for. More seriously, however, 
it may be said that mathematics needs no 
apologies. Indeed, this is the theme of one 
of the most delightful and charming little 
volumes about mathematics ever written. 
The late G. H. Hardy was a British math- 
ematician of international eminence; the 
essay is one of rare grace and lucidity.5 

It should be understood that Hardy 
makes a clear distinction between the 
“real” mathematics and the “trivial’’ 
mathematics, or, as we would say, be- 
tween “pure’’ mathematics and “applied”’ 
mathematics. In referring to applied 
mathematics as trivial, there is no inten- 
tion to belittle or detract from the “‘prac- 
tical values’’ and services rendered by 
mathematics to science, engineering, and 
technology. It is simply that Hardy is not 
talking about that kind of mathematics. Its 
uses are obvious. He simply wishes to de- 


5G. H. Hardy, A Mathematician’s Apology (Cam- 
bridge University Press, 1940), pp. 6, 50. 


fend the existence of the other kind: “‘A 
man who sets out to justify his existence 
and his activities has to distinguish two 
different questions. The first is whether 
the work which he does is worth doing; 
and the second is why he does it (what- 
ever its value may be).”’ 

In offering his “apology”’ for the career 
of a pure mathematician, Hardy answers 
the second of these questions first. If he is 
worthy of being called such, the math- 
ematician pursues his activities because 
that is the thing he can do best, because 
he has a real talent for it, and because it 
yields unique satisfactions, especially if 
he can do it really well. 

The heart of the apology is perhaps to 
be found in the answer to the first ques- 
tion. The crux of the matter lies in the 
very nature of pure mathematics, which 
is characterized by three outstanding 
qualities: (1) its permanence; (2) its 
beauty; and (3) its seriousness. 

What the mathematician does may be 
small, but it has a certain character of 
permanence. “In these days of conflict 
between ancient and modern studies, 
there must surely be something to be said 
for a study which did not begin with 
Pythagoras, and will not end with Ein- 
stein, but is the oldest and youngest of 
all... . Archimedes will be remembered 
when Aeschylus is forgotten, because 
languages die and mathematical ideas do 
not.” 

The beauty of mathematical theorems 
and their demonstrations, according to 
Hardy, lies in the quality of unexpected- 
ness combined with inevitability and 
economy. “The arguments take so odd 
and surprising a form; the weapons used 
seem so childishly simple when compared 
with the far-reaching results; but there is 
no escape from the conclusions.” 

Real mathematics is important. The 
best mathematics is serious as well as 
beautiful. A serious theorem is one which 
deals with significant mathematical ideas. 
To illustrate what he means by this, 
Hardy discusses two well-known theorems 


292 The Mathematics Teacher | April, 1956 





—Euclid’s proof that there exist an infi- 
nite number of prime numbers, and Py- 
thagoras’ proof that +/2 is irrational. We 
shall not deprive the reader of genuine 
pleasure by giving the proofs here. But 
these proofs make perfectly clear the 
meaning of significant ideas. A mathemati- 
‘al idea is significant when it possesses 
both generality and depth. Here, generality 
does not mean a generalization in the or- 
dinary sense—all mathematical theorems 
are generalizations in this sense. The idea 
should be general in the sense that it is a 
constituent in many mathematical pat- 
terns, that it can be used in the proofs of 
many different kinds of theorems, that it 
admits of extension and is typical of a 
whole class of theorems, and that it re- 
veals interrelations among other math- 
ematical ideas. The quality of depth has 
to do with difficulty, but is by no means 
synonomous with it. “It seems that math- 
ematical ideas are arranged somehow in 
strata, the ideas in each stratum being 
linked by a complex of relations both 
among themselves and with those above 
and below. The lower the stratum, the 
deeper (and in general the more difficult) 
the idea. Thus the idea of an ‘irrational’ 
is deeper than that of an integer; and 
Pythagoras’ theorem is, for that reason, 
deeper than Euclid’s.”’ 


On the calculus 
as a required subject 


Every so often mathematics teachers 
are sharply reminded in one way or an- 
other of the “disciplinary values” of the 
subject they teach. Recently a most in- 
triguing note along these lines appeared 
from the pen of a free lance writer and 
former university teacher of journalism, 
Mr. John W. McReynolds, entitled: “An 
Enquiry, Whether the Differential and 
Integral Calculus Should be Required in 
the Undergraduate English Curriculum.’’6 


* Bulletin, American Association of University Pro- 
Sessors (1955), vol. 41, no. 2, pp. 351-358. 


We wish that there were space to repro- 
duce the entire delightful paper, which is 
in the form of a “letter to the writer’s 
Cousin, a man who has long professed 
Qnglish literature, from J. W. MeR., 
farmer, of Pottawatomie County, Kan- 
sas.” We must content ourselves with two 
brief excerpts reprinted here by courtesy 
of the editors of the Bulletin. The first 
selection tells its own story: 


. I shall urge the calculus, as you will 
see, largely on the grounds that it enhances 
literacy. 

Language—and that this may be opinion 
rather than fact in no way alters the tenacity 
with which I hold to the opinion—begins in 
poetry and ends in the symbols of the mathe- 
matician. The general quadratic equation and 
its solution (for this much you may remember of 
your own schoolboy days) express, in a few 
symbols properly arranged and in a calm pre- 
cision, what a host of untoward words could 
scarcely convey. The mathematician, as the 
novelist, spends years in the poignant examina- 
tion of his own chosen aspect of the larger reality. 
When he has done, as the novelist, he wishes— 
indeed, he must!—communicate. It is more than 
mere conjunction of figures to observe that 
Dawn’s rosy fingers and Einstein’s e’s and m’s 
and c’s are all of a piece. 

And now the drift of my first argument is at 
once made plain. A literate I take to be one who 
has some mastery of expression. Of absolute 
necessity in any mathematical enquiry is maxi- 
mum, if not perfect, precision of expression. 
This perfection the mathematicians call ‘‘rigor.”’ 
The conclusion follows naturally, and I do not 
intend to belabor the argument. It is probably 
within your own lifetime that the mathematics 
and classics departments anxiously embraced 
one another and, in an alliance born of despera- 
tion, suffered themselves to be called mental 
disciplines and allowed themselves to be pur- 
sued for this end in order to be pursued at all. 
How many poor unfortunates, desiring first to 
be loved for themselves alone and finding none 
to love them, have hopefully given up their 
womanhood for mere femaleness, and given it 
in vain! 

To continue, it is difficult to draw the line be- 
tween weakness and perversion, and I shall 
make no attempt to declare whether my argu- 
ment in favor of the calculus be weak or per- 
verted. I simply make it. It has been made be- 
fore. Mathematics should be required of the 
English undergraduate because it compels him 
to examine precise expression. 


In the next passage, our champion is 
moved by consideration of the futility of 
understanding the true nature and sig- 
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nificance of modern science without a 
least some familiarity with the calculus. 
But let him speak for himself: 


Algebra and plane geometry and the physics 
of a generation ago are all that you have of the 
inner workings of this vast intellectual, even 
cultural, stride called Science. I grant—Cousin, 
I urge—that in your own educated humanity 
you are aware of its effects; the man who is not 
must be a simple clod, indeed. You know what 
they have done, but you know not how they have 
done it. I suppose you have attained to such pro- 
ficiency in the classics as had Leacock—you will 
remember that he could take a page of Latin and 
a page of Greek and tell at a glance which was 
which. I cannot, then, say that the language of 
science is as Greek to you—there is no com- 
parison to make. You do not know it.... 

It becomes my present task to demonstrate 
to you, clearly and conclusively, that the differ- 
ential and integral calculus are the introductions 
to the language of science, that nothing less will 


{ARR 


suffice. My first argument, of course, is that I 
know more about it than you do; which is little 
enough, at that. I have sat in those classrooms 
longer and more recently than you. But I doubt 
me that you are presently prepared to receive a 
philosophy (as it were) from my hands, and I 
assume you wish a higher authority than mine. 
Such authority is, unfortunately, difficult to 
find. F. Klien in a technical work—he was a 
technical man—touches upon it: 


... Everyone who understands the subject 
will agree that even the basis on which the 
scientific explanation of nature rests is intel- 
ligible only to those who have learned at least 
the elements of the differential and integral 
calculus. ... 


But he does not prove it, nor does he attempt 
to. The chairman of a friendly mathematics de- 
partment tells me that no authority has bothered 
with such an exposition because for two cen- 
turies it has been an obvious, patent, almost a 
mere, fact! 





Pendulum patterns 


Pendulum Patterns, a student project by John Kennedy, 
Senior High School, Richmond, Indiana 
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@ POINTS AND VIEWPOINTS 


A column of unofficial comment 


The White House Conference on Education 


and its implication for mathematics teachers 


Kenneth E. Brown, U.S. Office of Education, Washington, D. C. 


The White House Conference on Edu- 
cation reflected the decision of the Amer- 
ican people to have the best education ob- 
tainable for all American children. They 
are willing to pay for it and work for it. 
They are determined to have good schools, 
not only because of high ideals, but for 
survival. 

The White House Conference on Edu- 
cation was the culmination of the active 
participation of over 500,000 men and 
women studying the problems of educat- 
ing the youth of a democracy. Never in 
the history of civilization have so many 
people devoted themselves to such a con- 
certed effort to improve education. The 
one opinion that was held by all partici- 
pants was aptly expressed by the Presi- 
dent of the United States in his opening 
address when he said: “Everybody must 
have a good education.’’ No provision was 
made in their thinking for the illiterate 
common laborer. The atomic age is chal- 
lenging our nation to educate its youth to 
their maximum capacity, and our citizen- 
ry is accepting the challenge. 


WHAT IS GOOD EDUCATION? 

There were differences of opinion as to 
what constitutes a good education. Dr. 
James R. Killian, Jr., Chairman, Sub- 
committee on “What Should Our Schools 
Accomplish?” stated in an address at a 


general session of the Conference that he 
had received many letters from individuals 
and organizations urging special emphasis 
on various areas of learning, but through 
all this diversity of views ran a conviction 
that our educational system ‘‘is not nearly 
good enough for our youth and our so- 
ciety.”’ 

As lay persons continue an active par- 
ticipation in improving education, each 
course must justify its existence in the cur- 
riculum. Mr. Killian was following this 
thesis when he reminded the Conference: 
“The question is not whether this course 
or that course of instruction has any good 
in it... for there are limits to what the 
schools can attempt.’’ He continued his 
emphasis on priority of content by say- 
ing: ‘The average student has only a few 
pennies of time to spend on education, and 
he can’t buy everything in the store. It is 
up to his elders to help him spend his time 
as wisely as possible—to purchase not just 
a lot of little educational trinkets, but 
something which will sustain him all his 
life.” 

WHAT PRIORITY 
SHOULD MATHEMATICS HAVE? 

When it comes to listing educational 
priorities, where will mathematics stand? 
Can we rely on mathematics prestige of 
bygone days? Are our mathematics courses 
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preparing the engineer and scientist for 
his work? A large university reports that 
this year one-third of their Freshmen who 
desired to pursue scientific studies found 
it necessary to take high-school math- 
ematics in college. Does the content of the 
courses in mathematics contain dead- 
wood, or has it been brought up to date? 
Can we expect the mathematics of 30 
years ago still to hold top priority in our 
schools? The pupil’s time is limited. How 
much time should we ask him to devote to 
plane and solid geometry and numerical 
trigonometry? How high a priority does 
factoring and simplification of radicals 
command? We should have data on these 
and kindred questions. It is not enough to 
say that mathematics is an important 
part of our social heritage, or even that it 
is useful. Most knowledge is useful. We 
must now justify curriculum content in 
terms of degree of importance. 

The final report of the work groups of 
the White House Conference on Educa- 
tion agreed that schools should teach 
arithmetic and mathematical skills, in- 
cluding problem solving and the ability 
to think and evaluate constructively and 
creatively. They further stated that im- 


provement in our schools is desirable and 
necessary. Is not now an appropriate time 
to re-study our high-school mathematics 


program? 


TEACHER SHORTAGE AND ITS RESULTS 

A shortage of mathematics teachers is 
imminent. Last fall the average junior- 
high-school class in algebra contained 30 
pupils—too many for individual instruc- 
tion. However, if we are to maintain our 
present teacher-pupil ratio, the staffs must 
be enlarged more in the next 10 years than 
they have been in the past 35 years. Ac- 
cording to the report, “Teachers for To- 
morrow,” by the Fund for the Advance- 
ment of Education, 51.2 per cent of all col- 
lege graduates in the next 10 years will be 
needed in our schools. (This bulletin may 
be secured free by writing directly to 655 
Madison Avenue, New York 21, New 
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York.) Last year only one-fifth of the col- 
lege graduates entered teaching. It is un- 
realistic to think that half of our college 
graduates will enter teaching. A shortage 
of mathematics teachers seems inevitable. 

What are the possible results? One re- 
sult may be the elimination of mathemat- 
ics classes that do not have high educa- 
tional priority. Should not mathematics 
teachers examine the courses to see (1) 
that only vital material is included and 
(2) that the ideas lead to modern ad- 
vanced mathematics and their applica- 
tions. For example, some pupils become 
rather proficient in factoring, but never 
zain the most elementary concepts in sta- 
a most used area of mathematical 
concepts. Other pupils months 
memorizing data about triangles of an 
imaginary flat plane, but never receive a 
moments instruction about the geometry 
of the curved surface of the world on 
which they live. 

Another result of a shortage of teachers 
is an increase in class size. Have we ex- 
plored all ways of providing for the pupils 
in large classes? Physicians transfer many 
duties to technicians, nurses use nurses’ 


tistics 
spend 


aides, and engineers use electronic com- 
puters to increase output. Have we 
studied our classroom tasks to determine 
those that could be done by teachers’ 
aides, the instruction that could be done 
by television, or the teaching that can be 
done better in large groups and that which 
is successful only in small groups? 

Some studies indicate that teachers are 
obliged to use much time on clerical and 
other non-professional tasks. Elementary 
classes of 45 to 50 pupils with a teacher 
plus an aide are reported to have made 
greater progress than classes of 30 with 
an equally good teacher, but no aide. 
Should the plan be explored in the area of 
mathematics instruction? 


SUMMARY 
The citizens of the United States want 


a good education for all pupils. They want 
a better education than is now provided. 
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The White House Conference on Edu- 
cation recommended the study of math- 
ematics and an improvement in the teach- 
ing of these skills. Among the road blocks 
to the realization of these goals are the 
shortage of teachers and an overcrowded 
curriculum. 

What are the implications of the White 
House Conference on Education for math- 
ematics teachers? Mathematics teachers 
will be asked to justify the high priority 
of mathematics among other important 


areas of learning in the curriculum. High- 


school mathematics courses must be 
evaluated in terms of modern advances in 
applied mathematics and science. Some- 
one may ask, “With all our scientifie ad- 
vancement, cannot more pupils be taught 
per teacher now than 50 years ago?’ If 
mathematics is to hold its rightful place 
in education, we must have the answer 
questions. Our 


to these and_ similar 


house must be put in order without 


delay. 





Letters to the editor 


Dear Sir: 

Various comments that have reached me 
about recent book reviews in THE MATHEMATICS 
TEACHER, plus Phillip Jones’ letter to the editor 
(page 406) in the October issue of that magazine, 
plus Rosskopf’s article on ‘“‘What makes a good 
textbook review?” (pages 418-419) in the same 
issue, lead me to suggest a few comments as to 
the nature of a good review of any book. 

Professor Dickson’s article in the July-Au- 
gust (1924) issue of The American Mathematical 
Monthly suggested the problem:of the real pur- 
poses of a good review. It complains, and justly 
so, of those who are lavish in their praise, when 
they review a book, without pointing out any of 
its defects; and also of those reviewers who seek 
‘“‘to convince the reader that the reviewer him- 
self is a person who knows a great deal about the 
subject and how it should have been presented.” 
These two types of reviewers may be character- 
ized psychologically as those who are predis- 
posed toward thoughtless acquiescence, or else 
those who seek and find only faults. If what I 
say here serves to hold each of these extreme 
types in check, the readers of current reviews 
will doubtless gain and be grateful. Moreover, 
the editors of certain current magazines will 
have less cause for worry and concern. 

According to The Saturday Review, “The 
multiplicity of reviews serves as a public-opinion 
poll on which authors and publishers must de- 
pend. The reviewer’s words of praise or enthusi- 
astic approval form the basis of the structure 
erected by the author, the publisher, and the re- 


viewer, for the author must be supported in his 
lonely and hazardous task by the publisher, and 
both must have the encouragement of the re- 
viewer, whose final function it is to send the 
public into the bookstores. In the book-review- 
ing profession today, there seems to be no room 
for rancor or bad temper.” 

In general, this seems to be a fair statement 
of the purpose of a good book review. Now what 
are some of the detailed qualities of a good re- 
view that the reviewer should keep in mind? It 
seems to me that the purpose of a good book re- 
view should be to give a fair idea, as succinctly 
as possible, of 

1. The general nature of the book, and the 
audience for whom it was written. 

2. The purpose and scope of the book. 

3. The general degree of scholarship shown 
in carrying out this purpose. 

4. The literary ability of the author. 

5. The general accuracy of detail. 

6. The significant matters of weakness so 
that the reader may not have to rely too much 
on the author’s statements. 

7. Such mechanical features as the format, 
manufacture, illustrations, index tables, bibli- 
ography and typography. 

8. Adaptability of the book to library needs. 

9. The soul of the book. 

If the above requirements are satisfied, book 
reviews will at least be more gratefully received 
by authors and readers alike. 

W. D. REEve, 
Teachers College, Columbia University 
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Reviews and evaluations 








Edited by Richard D. Crumley, University of South Carolina, Columbia, 


South Carolina, and Roderick C. McLennan, Arlington Heights 
Township High School, Arlington Heights, Illinois 


BOOKS 


College Algebra and Plane Trigonometry, Abra- 
ham Spitzbart and Ross H. Bardell, Cam- 
bridge 42, Massachusetts, Addison-Wesley 
Publishing Company, Inc. Cloth, xiii+408 
pp., $4.50. 


This text as the title indicates, combines the 
topics usually presented in plane trigonometry 
and in college algebra. A review of intermediate 
algebra is followed by a sequence of chapters 
which alternates, more or less, between topics in 
plane trigonometry and topics in college algebra. 
The book closes with a partial answer list and 
the usual four-place tables. There are extensive 
lists of exercises, mostly of a routine nature in- 
tended for drill. This reviewer found the pace of 
exposition rather rapid for this level. 

Good points of the present text include: 
emphasis on the general angle and on the trigo- 
nometric functions; emphasis on inverse func- 
tions; a large number of exercises which apply 
algebraic skills to trigonometric functions; and 
three sets of review exercises each covering 
about one-third of the text. 

Bad points of the present text (in this re- 
viewer’s opinion) include: too brief treatment of 
inequalities; inclusion of too many topics for a 
single course; treating determinants without 
mentioning matrices and as though they were 
useful for solving linear equations; use of limit- 
ing processes without adequate explanation in 
computation with the binomial series and in 
continuous compounding of interest; presenta- 
tion of the usual semi-proof of the addition 
formulas for sine and cosine (a proof is, how- 
ever, also presented); emphasis on reduction 
rules for the trigonometric functions. 

Combinations of courses in elementary 
mathematics are quite popular at present in 
colleges. A combination of analytic geometry and 
calculus is particularly popular since calculus is 
such a powerful tool in analytic geometry, and 
because such combinations frequently omit just 
those topics of analytic geometry (such as the 
classification of conics) which many people now- 
adays feel should be treated by more advanced 
and more efficient methods (such as matric 
theory). The main reason for such combinations 
is, of course, the demand for early introduction 
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of the methods of the calculus into the course 
in basic science and technology. 

It is natural that attempts should be made to 
extend this idea to combinations of analytic 
geometry, plane trigonometry, and/or college 
algebra. It is the opinion of this reviewer that 
such combined courses will become really popu- 
lar only when a number of rather special topics 
are deleted. Prime candidates for such deletion 
are the topics involving the proof of the binomial 
theorem by mathematical induction, systems of 
quadratics, determinants, and solution of ob- 
lique triangles by logarithms. The inclusion of 
all of these topics in the present text has made 
the basic task of the authors exceedingly diffi- 
cult. 

The sort of combination which this text rep- 
resents seems somewhat out of place in high- 
school teaching. The high schools have more 
time to devote to these subjects. Nonetheless, 
there is great need for integration of the topics 
taught in high-school mathematics. There is 
greater need today for the integration of mathe- 
matics and physics in the high schoo] than there 
was fifty years ago when the great mathema- 
tician, E. H. Moore, pleaded for it. Let us hope 
that the pressures for integration do not lead us 
to adopt a policy of integration by permutation 
of parts —M. F. Smiley, State University of 
Towa. 


Mathematics and Measurements, Merrill Rass- 
weiler and J. Merle Harris, Evanston, 
Illinois, Row, Peterson and Company, 1955. 
Cloth, ix+351 pp., $4.50. 


This book is designed to develop skills in 
algebraic manipulation and problem-solving for 
people who will work with measurements. This 
objective is approached through presentation of 
the most frequently used mathematical skills 
together with techniques for using them. The 
presentation of these mathematical ideas is, 
however, extremely conservative in view of 
modern presentations of mathematics as a logi- 
cal system, for there is very little explicit use of 
the logical structure of the number system or of 
elementary algebra. In fact, in several places, 
the reader’s understanding of the role of postu- 
lates and of deductive proof is led astray. For 
example, in a section on calculations with signed 
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numbers, the reader is left with the impression 
that he has helped ‘“‘deduce some rules for doing 
arithmetic with positive and negative numbers”’ 
(p. 42). What he has done is to observe several 
situations that serve as bases for postulating 
these rules. The commutative law is mentioned 
as important in adding groups of more than two 
signed numbers, but the associative law is not 
mentioned. In fact, on page 46 an example find- 
ing the product of four factors is attributed 
solely to the commutative law for multiplica- 
tion, when it is the associative law that best 
explains the grouping of factors actually used 
there! With these exceptions the development of 
signed numbers is good in that it utilizes vector 
illustrations (without, unfortunately, calling 
them vectors). 

The authors have done well in clarifying the 
much-abused concepts of exact, approximate, 
precise, and accurate measurements. Their dis- 
cussion of errors is excellent and the principles 
of computing with numbers obtained by meas- 
urement are followed consistently throughout 
the book. But it seems unfortunate that they 
have chosen, in trying to clarify the concept of 
number, to use the adjectives “abstract,” “con- 
crete,” “exact,” and “approximate”’ to describe 
different kinds of numbers. Here, it seems, the 
reader will be not so much confused as misled 
into thinking that there are “approximate num- 
bers” rather than ‘‘numbers that are approxima- 
tions to a theoretical value.” 

A chapter on problem-solving has strength 
in its approach to problems with two unknowns. 
With no equivocation the authors plunge di- 
rectly into systems of equations, using the sub- 
stitution process exclusively. The chapter is 
weakened somewhat, however, by the use of a 
great many (too many) artificial mixture-, rate-, 
age-, and number-problems. 

The text has an excellent supply of exer- 
cises. Indeed, the richness of the supply of differ- 
ent formulas is almost appalling. However, most 
of them are well identified with regard to mean- 
ings of symbols and area from which the formula 
was taken. Illustrations and diagrams, in the 
places where they are needed, have been chosen 
well and in good variety.—Lyman Peck, Iowa 
State Teachers College, Cedar Falls, Iowa. 


Practical Mathematics Refresher, William D. 
Reeve and Clarence E. Tuites, New York, 
McGraw-Hill Book Company, Inc., 1955. 
Paper, viii +376 pp., $3.25. 


This book presents a review of: (1) the 
fundamental arithmetic skills with integers and 
fractions; (2) informal geometry; (3) the simpler 
elements of algebra; and (4) scale drawings and 
numerical trigonometry. The book is organized 
as a combination textbook and workbook, with 
exercises at the end of each section. The exercises 
are printed on perforated pages so that they can 
be easily removed. The exercises comprise 212 
pages in all. Two of the twenty-three sections 


deal with topics which might not be expected in 
a book of this kind, e.g., “Section 10: Measures 
of Central Tendency—Averages,” and “Section 
15: Navigation and Aeronautics.” 

It must be remembered that this book is in- 
tended as a refresher, so it is quite consistent for 
the explanations to be brief. The result, how- 
ever, is more along the line of “how to do it” 
than “why we do it this way.” “Section 13: 
Geometry of Size,” is the best section, in the 
opinion of the reviewer. Many of the definitions 
describe rather than define, but only one defini- 
tion is unconventional: ‘Factoring is the name 
given to the process of determining the prime 
factors of an algebraic expression” (p. 310). The 
reviewer found only one mathematical error: 
“Thus the prime factors of ab*zy? are a, b?, x, and 
y?” (p. 310). 

Kven though answers are given to odd- 
numbered exercises, this book is not well suited 
for a person who wants to review independently 
the concepts and skills of elementary and sec- 
ondary mathematics. The explanations are too 
cryptic for this purpose. This means that a 
teacher must be available in conjunction with 
the book. The implication of all this is that the 
book can be used best in college courses or in 
industrial courses or by an individual with a 
tutor.—Richard D. Crumley, South Carolina 
University, Columbia, South Carolina. 


Shop Mathematics, Claude E. Stout, New York, 
John Wiley and Sons, Inc., 1955. Cloth, 
xi+282 pp., $3.70. 


Shop Mathematics is organized to meet the 
needs of machinists, tool and die makers, and 
pattern makers. It incorporates the principles of 
arithmetic, algebra, geometry, trigonometry, 
logarithms, and the slide rule that are necessary 
in shop work. 

The reviewer sought to analyze Shop Mathe- 
matics from the viewpoint of the shop employee, 
whose knowledge of mathematics need not be as 
complete or idealistic as is the case of those who 
study college-preparatory mathematics. The 
book will undoubtedly be beneficial to the user, 
for its applications are pertinent and numerous, 
and explanations are succinct. The mathema- 
tician might be offended by a statement on page 
126 that will not affect most shop students. The 
title, “Pictorial Review of Point-Line-Angle 
Definitions,’’ seems to be a misnomer. Is it 
possible for a definition to be pictorial, or is it 
the term that is described by the definition that 
is pictorial? 

High-school mathematics teachers will find 
that a book of this type is a desirable contribu- 
tion to their collection of reference books. Prob- 
lems that illustrate applications will stimulate 
the learning of those general-mathematics stu- 
dents who wish to enter the skilled trades rather 
than a college or university. Plane-geometry 
students would be surprised to find the number 
of shop situations that require a knowledge of 
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geometry, and algebra students would be im- 
pressed by the amount of algebra that must be 
understood by tradesmen.—Roderick C. McLen- 
nan, Arlington Heights High School, Arlington 
Heights, Illinois. 


FILMSTRIPS 


Man and Measures: ‘Early Counting,” “Early 
Measuring,” “Early Time Telling,” and 
“Geometric Figures,’’ The Filmstrip House, 
15 West 46th Street, New York 36, New 
York. 35 mm., 4-color filmstrips written and 
illustrated by Agnes Herbert, edited by 
Reid Irving; $6.00 each, or $20.00 for set. 


Geared to the junior-high- and senior-high- 
school level, these filmstrips provide some of the 
history of the development of mathematics. 
“Early Counting” points out the need for num- 
ber symbols and shows some of the early sym- 
bols used by man. ‘‘Early Measuring” describes 
some of the earliest units used in measuring and 
the way in which they became standardized. 
“Early Time Telling’ surveys the various sys- 
tems and devices used through the ages for 
measuring time. The last strip, ‘Geometric 


Figures,”’ describes and illustrates the common 


figures in one, two, and three dimensions. 

The two strips, ‘‘Early Measuring” and 
“Early Time Telling,” are both very interesting 
and informative. Either one can be used effec- 
tively to bring about a fuller understanding of 
the struggles man has faced and overcome in the 
measurement of distance and time. The medium 
of filmstrip is used to good advantage for this 
purpose. 

The other two strips, ““Early Counting” and 
“Geometric Figures,” are neither as interesting 
nor as successful as the two just discussed. 
“Early Counting” really deals more with early 
symbols for numbers than with counting. More 
serious, however, is the view taken toward the 
various systems of symbolizing numbers. Em- 
phasis is given to dividing a unit into tenths, 
twelfths, and sixtieths rather than the grouping 
of ten, twelve, or sixty units to make a larger 
unit. ‘‘“Geometric Figures’ is criticized more 
severely because it seems out of place in this 
series. Furthermore, the geometric figures con- 
sidered are described, rather than defined. The 
example shown for a triangular prism is un- 
fortunate: a wedge-shaped piece of cake. 

The photographic quality of all four strips is 
excellent, as is the quality of the illustrations.— 


Richard D. Crumley. 





Have you read? 


GuGGENBUBL, Laura. “Karl Wilhelm Feuer- 
bach, Mathematician,” The Scientific 
Monthly, vol. 81, August 1955, pp. 71-76. 


In my teaching I have always found that the 
students are interested in the people who de- 
veloped the mathematics they are studying. 
Here is one I did not know: the “nine point 
circle’ for many years was called the ‘‘Feuer- 
bach Circle.’’ It seems Karl Feuerbach first 
proved, at the age of 21, the theorem: “The 
circle through the feet of the altitudes of a tri- 
angle is tangent to the inscribed and escribed 
circles of the triangle.’”’ This article gives a brief 
story of his short, but unconventional life. Your 
students will be interested not only in his 
mathematical contributions to the nine-point 
circle problem, projectors, and co-ordinate geom- 
etry, but also in Feuerbach’s political activities, 
his mental quirks, and why he is so little known 
in the history of mathematics. 


Hess, Aprien L. “The Place of Geometric 
Construction in Plane-Geometry,’’ School 
Science and Mathematics, November 1955, 
pp. 594-98. 


Shall we or shall we not consider the straight- 
edge and compasses as the only allowable instru- 
ments for geometric construction? 

Mr. Hess has gathered together the opinions 
of 131 teachers, 14 textbooks, and 20 achieve- 
ment tests on this question. Many revealing 
comments are listed. In most cases, textbooks 
gave no reasons for the restriction, and only one 
did not impose it. Out of 3,109 points on the 
tests, 168 were allocated to constructions. 
Seventy-one per cent of the teachers agree with 
the restrictions, and you will be surprised and 
interested in their reasons. Conclusions are hard 
to draw, so you should read the article and draw 
your own.—Puiuip Peak, Indiana University, 
Bloomington, Indiana 
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@ TIPS FOR BEGINNERS 


Edited by Francis G. Lankford, Jr., Longwood College, 


Pupil d iscovery 


Farmville, Virginia 


in junior high school mathematics 


William C. Lowry, University of Virginia, Charlottesville, Virginia 


Some teachers feel that the method of 
pupil discovery in teaching mathematics is 
too slow, too time consuming. Often, how- 
ever, when the teacher merely ‘“‘covers’’ 
the material of a course, it is found that 
what he thinks has been taught remains 
hazy and only partially revealed to the 
pupil. On the other hand, when a pupil 
discovers for himself the concepts and 
processes of mathematics, he not only is 
likely to retain them longer, but he has 
learned a method by which he may re- 
discover or redevelop them on his own. 
Moreover, if the method used in the class- 
room helps a pupil to learn on his own, the 
teacher will have helped him acquire a 
power to continue learning long after the 
classroom has been left behind—a power 
that a lot of unrelated facts cannot give 
him. 

The junior high school is generally con- 
sidered an excellent place to emphasize 
measurement. Many of the relationships 
of geometry present excellent opportuni- 
ties for discovery through the use of meas- 
urement. Here the discovery method has 
the student make the required measure- 
ments in a variety of cases. He records 
these measurements in a table. He may 
need to derive additional data by per- 
forming various mathematical operations 
on the original data. Then, through a 
study of his tabulated data, he is helped 
to discover the relationship involved and 
to make the appropriate generalization. 


We may take the following as an ex- 
ample of a discovery we would like pupils 
to make through the use of measurement: 
An angle inscribed in a circle is equal in de- 
grees to one-half its intercepted arc. The 
pupils are directed to draw some unequal 
circles and to inscribe two or three differ- 
ent sized angles in each circle. Each pupil 
measures in degrees both the inscribed 
angle and its intercepted are for each of 
the several cases and lists these pairs of 
readings in a table something like the fol- 
lowing: 


Number of 
degrees in 
the in- the in- 
scribed tercepted 
angle are 


Number of 
degrees in 





I 22 43 
II 46 90 
15 30 

IV 71 140 
Vv 103 205 


Since the relationship desired may be 
seen from a study of the original measure- 
ments in this case, the pupil does not need 
other columns of computed or derived 
data. Once the pupil thinks he sees the 
relationship involved, he should be di- 
rected to try a few more cases to substanti- 
ate further his conclusion. It is then con- 
sidered good practice to have the child 
write a statement of his generalization in 
his own words. 
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This last step—writing a statement of 
his generalization—is often a very diffi- 
cult one for the pupil. The child may well 
be telling the truth when he says, “I know 
it, but I can’t write what I want to say.”’ 
The purpose in having him write the gen- 
eralization in his own words is not to test 
whether or not he has discovered the 
proper relationship and understands it; 
that test can and should be made pri- 
marily by seeing if he can use the generali- 
zation correctly. 

We have the child write his generali- 
zation in his own words because such a 
statement is a summary of his thinking 
and serves to strengthen his grasp of the 
relationship. But there is an additional 
reason. A very important part of a teach- 
er’s job is to help the child learn to express 
himself. Teachers in mathematics have a 
special opportunity to help the pupil 
learn to express himself clearly and con- 
cisely. A laboratory approach in math- 
ematics gives him something to write 
about that he himself has thought through 
and developed. The pupil’s statement dif- 
fers in this respect from some of his writ- 
ings in which he reads and then simply re- 
arranges the words and thoughts of others. 

The foregoing discussion does indicate 
that the method of discovery is relatively 
slow. It is time consuming for children to 
make tables, to draw figures, to measure 
carefully, and to record these data. We 
have no way of knowing just how long it 
may take a particular child to see a rela- 
tionship of mathematics. The writing and 
correcting of the generalization is often a 
long and laborious task for a junior-high- 
school pupil. The following paragraphs 
suggest some practices which will aid in 
shortening the total process. I know of no 
way to hasten the thinking the child must 
do for himself. 

1. Use previously prepared forms on 
which to record the data. These forms 
may be dittoed or mimeographed on 
relatively inexpensive paper. The pupil 
has only to fill in the title and the ap- 
propriate headings for the columns. A 
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space should be left at the bottom of 
the form where he may write his gen- 
eralization. 
If the problem is one which the entire 
class is to consider at the same time, 
whenever practicable it should be of 
such a length that the data may be col- 
lected, the desired relationship found, 
and some discussion of the problem 
made during one class period. If the 
problem must be carried over to the 
next day, a certain amount of time is 
lost in getting back into the channel of 
thinking. It will be necessary to ob- 
serve the work of many pupils, in par- 
ticular the ones known to be slower, 
and to give additional hints and sug- 
gestions to them. 

If the problem is of such a nature that 

the total procedure is too long for one 

class period, it may be handled in one 
of several ways: 

a. Give directions concerning what to 
do, what data to collect, and the 
kind of relationship sought. Let the 
pupils collect the data and proceed 
with the generalization as far as pos- 
sible at home. 

Let the pupils collect the data dur- 
ing a class period, and ask them to 
look for and state the generalization 
as homework. 

When the process of collecting the 
data itself is long and involved, it is 
advantageous to have the class work 
co-operatively to supply the data. 
Thus each pupil may make the 
necessary drawings and measure- 
ments for one or two cases. Then, 
data from the various members of 
the class are listed on a master 
table drawn upon the blackboard. 
Each pupil may study the composite 
master table or copy the data from 
that table to his own, and use it to 
try to make the discovery. 

Many generalizations are arrived at ra- 

ther easily; for example, the angles op- 

posite the equal sides of an isosceles tri- 
angle are equal. After looking at two or 





three isosceles triangles, the child 
“sees” that the base angles are equal. 
Even though he can produce no de- 
ductive proof, he would be surprised if 
they turned out unequal. Have him 
test a few more cases, but do not insult 
his intelligence and use time unneces- 
sarily by requiring him to measure the 
base angles of 15 or 20 different isosceles 
triangles before he is permitted to make 
a generalization. In fact, establish early 
the idea that as soon as he thinks he 
sees a relationship, he should start 
testing to see if each succeeding case 
agrees with his thinking. 

To help pupils in the discovery of con- 
cepts and processes of mathematics 
there are many commercially-produced 
devices, besides those that can be 
made by the teacher and pupils. Such 
a laboratory of equipment may be 
built up over a period of years. The 
pupils also need some basic measuring 
and drawing instruments such as rulers, 
protractors, and compasses. It is very 
helpful to have T-squares and drawing 
triangles. While the junior high schoo] 
pupil should learn to make certain of 
basic constructions with straightedge 
and compasses, he should by no means 
be limited to these. Permit him to use 
T-squares, drawing triangles, and meas- 
uring and drawing tools of all kinds to 
“draw” his figures according to the 
given conditions. Such drawings are 
quicker to make than traditional con- 
structions. The completed figure is 
neater and has fewer distracting aux- 
iliary lines. Moreover, the junior high 
school pupil is too young to appreciate 
a theoretical geometry involving the 
limitations on instruments imposed by 
Plato and Euclid. 

The pupil-discovery method should be 
inherent in the teacher’s way of teach- 


ing. The pupil must be helped to dis- 
cover mathematical relationships again 
and again in this manner if it is to be- 
come a part of the way he attacks 
problems. At first the teacher will need 
to give rather explicit information on 
what figures to draw, what measure- 
ments to make, and the kind of rela- 
tionship sought. Later, as pupils be- 
come more familiar with the discovery 
method, the teacher may simply sug- 
gest the figure and the relationship in- 
volved. 

While it is important that the inductive 
method be used often if the pupil is to 
learn it as a method of attacking new 
problems, its detailed use should not 
be insisted upon where a bit of deduc- 
tive reasoning is just as easily used and 
just as convincing for the student. For 
example, once the child knows that the 
sum of the interior angles of a plane tri- 
angle is 180°, which he may discover 
through measurement, he can then 
find the sum of the interior angles of 
any plane polygon without recourse to 
further measurement. He divides the 
polygon into triangles by drawing as 
many diagonals as possible from any 
one vertex and reasons that the total 
number of degrees in the interior angles 
of the polygon will be 180° multiplied 
by the number of triangles thus formed. 


Finally, I would cite my experience that 
the pupil-discovery method, although it 
may involve more time at the point of 
first teaching, works toward economy of 
time in the later stages of a course where 
more difficult relationships are being con- 
sidered. With a stronger background of 
understandings discovered, the pupil finds 
himself in a better position to learn new 
material. 
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®@ WHAT IS GOING ON IN YOUR SCHOOL? 


Edited by John A. Brown, University of Wisconsin, Madison, Wisconsin, and 


Houston T. Karnes, Louisiana State University, Baton Rouge, Louisiana 


More on factoring the trinomial 


by Sister Mary Dolorosa A., Cathedral High School, Portland, Maine 


It was pleasing to read Mr. Gifford 
Welling’s article on factoring the tri- 
nomial!! I have used a similar teaching 
plan for this problem and offer the follow- 
ing explanation: 

Example: Factor 3X?—13X —10 
1. Multiply the first term by the last 
term. 
(3X?)(—10) = —30X? 

Find two factors of this product whose 

algebraic sum equals the middle term. 

Find the sign first. Since the sign of the 

product is minus, the sign of the terms 

will be unlike, and the sign of the great- 
er will be the sign of the middle term. 
—15X)(2X) 


Place these factors between the first 
and last terms. 


1 “Factoring the Trinomial,”” Tae MaTHematics 
Teacuer, XLVIII (February 1955), p. 108. 


(3X?—5X)+(2X —10) 


4. Group and factor by removing the 


monomial factor. 
3X (X —5)+2(X —5) 
5. Complete the factoring. 
(3X +2)(X —5) 


Note: If a quantity has no prime factor, 
one must be used. 


Example: X¥ +5=1(X +5) 


Questions to ask pupils: 
What is sign of product? 
2. Then what will signs of factors be? 

If unlike, what will sign of greater be? 

If like, what will they be? 

Sign of middle term. 

Why do we not bring down middle 

term? 

Pupils readily discern that middle term 
equals sum of factors. 

After Step 4 pupils see that terms in- 
side ( ) must be same. 





It is toward the close of middle childhood 
that the power of abstract thinking begins to 
show itself. When a child can move from the 
concreteness of numbers in his arithmetic to the 
abstractness of allowing z to stand for any of a 
set of numbers, he not only is ready for algebra, 
he is ready for abstract thinking. When a child 
can assume something to be true for the sake of 
the argument when he knows it is probably not 
true, he is ready for abstract thinking. He is also 
ready for the type of proof in demonstrative 
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geometry which starts by assuming something to 
be true that looks patently false (such as that 
the sum of the angles of a triangle is greater than 
two right angles), and then deduces conse- 
quences which are so absurd that the original 
assumption is disproved logically as well as 
empirically. The logical ‘‘therefore’’ enters into 
the child’s idiom at this point.—Taken from Hu- 
man Development and education by Robert J. 
Havighurst (New York: Longmans, Green and 
Company, 1953), chap. 7, p. 90. 
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@ NOTES FROM THE WASHINGTON OFFICE 


Edited by M. H. Ahrendt, Executive Secretary, NCTM, Washington, D. C. 


State representatives of The National Council 


of Teachers of Mathematics 


During most of its existence the Coun- 
cil has depended upon a group of state 
representatives. These persons are some- 
thing like dollar-a-year people, except 
that they do not even get the dollar. About 
all the recognition they get is to have 
their names printed once each year in 
THe Matuematics Teacuer. The list of 
representatives and their addresses for the 
present school year is given below and on 


The representatives are asked to serve 
the Council in four ways: (1) to sell mem- 
berships and subscriptions; (2) to publi- 
cize Council projects, activities, and publi- 
cations; (3) to try to get professional 
articles and announcements printed in 
state journals and newspapers; and (4) to 
gather information when needed. The 
representative in your state is probably 
working harder for the Council than you 
realize. He deserves your help and support. 


the following page. 


Mrs. Margaret M. Holland 


Route 3, Box 728 
Birmingham 8, Alabama 


John B. Norman 
Parket High School 
Birmingham 4, Alabama 


Miss M. Willene Neely 
Tucson High School 
Tucson, Arizona 


Lyle J. Dixon 
Arkansas State College 
State College, Arkansas 


Paul Klipfel 
1004 Las Raposas Road 
San Rafael, California 


John S. Herman 
1001 Oxford Court 
Bakersfield, California 


Edwin Eagle 
San Diego State College 
San Diego 5, California 


E. L. Vanderburgh 
937 Veta Avenue 
Pueblo, Colorado 


Kenneth Fuller 
Teachers College 
New Britain, Connecticut 


Russell Dineen 
1804 North Monroe Street 
Wilmington, Delaware 


Miss Very] Schult 
Sheraton-Park Hotel 
Washington 8, D. C. 


Mrs. Ethel Harris Grubbs 
751 Fairmont Street, N. W. 
Washington 1, D. C. 


Kenneth P. Kidd 
School of Education 
University of Florida 
Gainesville, Florida 


Miss Bess Patton 
443 Ponce de Leon, Apt. C-1 
Atlanta, Georgia 


T. H. Correll 
P. O. Box 89 
Moscow, Idaho 


C. N. Fuqua 
Champaign Senior High School 
Champaign, Illinois 


Philip Peak 

School of Education 
Indiana University 
Bloomington, Indiana 


Gilbert Ulmer 
University of Kansas 
Lawrence, Kansas 


Miss Bernice Wright 

Western Kentucky State 
Teachers College 

Bowling Green, Kentucky 


Miss Lurnice Begnaud 
P. O. Box 557 
Lafayette, Louisiana 


Houston T. Karnes 
Louisiana State University 
College of Arts and Sciences 
Baton Rouge 3, Louisiana 


Miss Katherine E. O’Brien 
Deering High School 
Portland, Maine 


Herbert R. Smith 

Baltimore Polytechnic Instit. 
North Ave. and Calvert St. 
Baltimore 2, Maryland 
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S. Leroy Taylor 
Administration Building 
3 East 25th Street 
Jaltimore 18, Maryland 


Janet S. Height 
41 Richardson Avenue 
Wakefield, Massachusetts 


Donald Marshall 
Dearborn High School 
Dearborn, Michigan 


Margaret Linster 
St. Louis Park High School 
Minneapolis 16, Minnesota 


Miss Lula Webb 
Pearl River Junior College 
Poplarville, Mississippi 


Margaret F. Willerding 
Harris Teachers College 
5351 Enright Avenue 
St. Louis 12, Missouri 


Adrien L. Hess 
Montana State College 
Bozeman, Montana 


Virginia Lee Pratt 
Central High School 
Omaha 3, Nebraska 


Vera Z. Warren 
528 Reno Avenue 
teno, Nevada 


H. Gray Funkhouser 
Cilley Hall 
Exeter, New Hampshire 


Hubert B. Risinger 
18 Summit Street 
East Orange, New Jersey 


Miss Reba Jinkins 
1120 Pile 
Clovis, New Mexico 


H. C. Taylor 

Benjamin Franklin High 
School 

Rochester, New York 


Harry D. Ruderman 
2624 Davidson Avenue 
Bronx 68, New York 


Miss Clyde Hunter 
Henderson High School 
Henderson, North Carolina 


Josephine Gustafson 
23 Baird Block 
Devils Lake, North Dakota 


Mrs. Frances Theaker 
679 Manchester Road 
Mansfield, Ohio 


Miss Eunice Lewis 
University High School 
Norman, Ohl.lahoma 


Miss Eva Burkhalter 
Klamath Union High School 


Klamath Falls, Oregon 


H. L. Krall 


Pennsylvania State University 


State College, Pennsylvania 


Earle F. Myers 
University of Pittsburgh 
Pittsburgh, Pennsylvania 


M. Albert Linton 
Wm. Penn Charter School 
Philadelphia, Pennsylvania 


M. L. Herman 
Moses Brown School 
Providence, Rhode Island 


Daysie P. McKenzie 
tidgeland High School 
tidgeland, South Carolina 


Miss Effie Benson 
1205 8. Willow 
Sioux Falls, South Dakota 


Marjorie Linx 
2816 Blue Brick Drive 
Nashville 14, Tennessee 


Pearl Bond 
2347 Calder 
Beaumont, Texas 


Eva A. Crangle 
241 N. Second, West 
Salt Lake City 16, Utah 


John G. Bowker 
Middlebury College 
Middlebury, Vermont 


Emilie Holladay 
82 Thirty-first Street 
Newport News, Virginia 


R. W. James 

Armstrong High School 

North Thirty-first Street 
Richmond, 23, Virginia 


Harold J. Hunt 
4235 Brooklyn Avenue 
Seattle 5, Washington 


Fred Kramlich 
Lewis & Clark High School 
Spokane, Washington 


Mrs. Margaret E. Holmes 
110 Seventeenth St. 
Dunbar, West Virginia 


Mrs. Maggie W. Powell 
1325 Oak Street 
Parkersburg, West Virginia 


Miss Elli Otteson 
705 Whipple 
Eau Claire, Wisconsin 


Miss Margaret Joseph 
1504 N. Prospect Avenue 
Milwaukee 2, Wisconsin 


Palmer O. Steen 
University of Wyoming 
Laramie, Wyoming 


James W. Kerr 

Leaside High School 
Hanna Road 

Leaside, Ontario, Canada 





“A minute I wrote (about 
Ballistic Office ended with the sentence ‘Thus 
o should be made as small as possible.’ This did 
not appear in the printed minute. But P. J. 
Grigg said, ‘What is that?’ A speck in a blank 


1917) for the 
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space at the end proved to be the tiniest ¢ I have 
ever seen (the printers must have scoured Lon- 


don for it).” 
—Taken from J. E. Littlewood, A Mathema- 


tician’s Miscellany. 





Officers of the NCTM Affiliated Groups 


H. Glenn 


ALABAMA 
Mathematics Department of Alabama Education As- 
sociation 
Pres.—Ruiec E. Wheeler, Howard College, 417 86th 
Way, South Birmingham 
V. Pres.—Mrs. Paul W. Jones, 1812 Lancaster 
Road, Birmingham 9 
Secy. Treas.—Katherine Mickle, Roanoke 


ARIZONA 
Arizona Mathematics Association 
Pres.—Ralph Futrell, Tucson Senior High School, 
Tucson 
V. Pres. 
Tucson 
Secy. Treas.—K. D. Hendrickson, Tucson High 
School, Tucson 


Willene Neeley, Tucson High School, 


ARKANSAS 
Arkansas Council of Teachers of Mathematics 
Pres.—Vearl Wood, East Side Junior High School, 
Little Rock 
V. Pres.—Morris Underwood, Crossett High 
School, Crossett 
V. Pres.—Dorothy Long, Arkansas State College, 
Conway 
V. Pres.——_Ruth Guthrie, Henderson State Teach- 
ers College, Arkadelphia 
Secy.—Dorothy Sevedge, Fort Smith Junior High 
School, Fort Smith 
Treas.— Rowena Paschall, High School, El Dorado 


CALIFORNIA 


California Mathematics Council 

Pres.—James Nudelman, Mountain View High 
School, Mountain View 

V. Pres.—L. Clark Lay, 593 West Montana 
Street, Pasadena 

Secy.—Helen Growe, 1504 Douglas Road, Stock- 
ton 

Treas.—John Hancock, Capuchino High School, 
San Bruno 

Editor—Jack Wilson, San Francisco State College, 
San Francisco 


COLORADO 
Colorado Council of Teachers of Mathematics 
Pres.—Harold Lawrence, 1403 Harrison, Canon 
City, Colorado 
V. Pres.—Karl Stahl, 864 14th Street, Boulder 
Secy.—Ida M. Kammerzell, Johnstown Public 
Schools, Johnstown 
Treas.—Mrs. Ruth C. 
Avenue, Pueblo 
Editors—E. J. MacKenzie, 1962 Walcott, Denver; 
and Muriel Mills, 1360 Bellaire, Denver 


Dammann, 2603 Sixth 


DELAWARE 
Delaware Council of Teachers of Mathematics 
Pres.—Margaret Reinhold, Wilmington High 
School, Wilmington 


Ayre, Chairman, A filiated Groups Committee, 


Macomb, Illinois 


Secy. Treas.—William Boucher, Mt. Pleasant High 
School, Wilmington 


DISTRICT OF COLUMBIA 
District of Columbia Teachers of Mathematics 
Pres.—Faith F. Novinger, 227 Longfellow Street, 
N. W., Washington 
V. Pres.—Jane M. Hill, 2221 40th Street, N. W., 
Washington 7 
Secy.—Burnadine M. Jones, 1602 Carey Lane, 
Silver Springs, Maryland 
Treas.—Frank 8S. Phillips, 7909 Glendale Road, 
Chevy Chase, Maryland 


Benjamin Banneker Mathematics Club 

Pres.—Juanita Tolson, 723 Jefferson Street, 
N. W. 

V. Pres.—Jonelle Washington, 116 Longfellow 
Street, N. W. 

Rec. Secy.—Lucille Evans, 1903 Second Street, 
N. W. 

Corr. Secy.— Mildred Braxton, Banneker Junior 
High School, South Avenue and Euclid Avenue, 
N. W. 

Treas.—Georgia Johnson, 1918 17th Street, N. W. 

Librarian—Alice Gaines, Banneker Junior High 
School, South Avenue and Euclid Street, N. W. 


FLORIDA 
Florida Council of Teachers of Mathematics 
Pres.—Myrtle Rehwinkle, 508 Talaflo Street, 
Tallahassee 
V. Pres.—Verna Kimlar, 2276S. W. Fourth Street, 
Miami 
Secy.—Joe Hoaten, 1904 Holly, Tallahassee 
Treas.—Mrs. Zola Epting, Hillard 


Dade County Council of Teachers of Mathematics 

Pres.—Eva H. Hoke, 3100 N. W. Fifth Avenue, 
Miami 

V. Pres.—Mrs. Bertha Hewitt, Hialeah Senior 
High School, Hialeah 

Secy.—Dan Waters, Shenandoah Junior High 
School, Miami 

Corr. Secy.— Mrs. Velma Shufelt, Miami Edison 
Sr. High School, Miami 

Treas.—Wallace Hanlin, Miami Edison Senior 
High School, Miami 


Hillsborough County Mathematics Council 

Pres.—Edna M. Clark,. 1108 Indiana Avenue, 
Tampa 3 

V. Pres.—Delmar C. Barnes, George Washington 
Junior High School, Tampa 6 

V. Pres.—Lorraine Sewell, Plant High School, 
Tampa 

Ree. Secy.—Sarah Edwards, Oak Grove Junior 
High School, Tampa 

Corr. Secy.—Glenn G. McRae, Sligh Avenue, Jun- 
ior High School, Tampa 

Treas.—Robbins H. Denham, Wilson Junior High 
School, Tampa 
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Pinellas County Council of Teachers of Mathematics 

Pres.—Elizabeth Heney, 451 43rd Ave., St. 
Petersburg 

V. Pres.—John Tilley, 4480 40th Street, St. 
Petersburg 

Secy.—Patricia McDonald, 2531 12th Street, St. 
Petersburg 

Treas.—Harold Granger, 3513 39th Street, St. 
Petersburg 


GEORGIA 
Georgia Council of Teachers of Mathematics 
Pres.— Marion Crider, West Georgia College, Car- 
rollton 
V. Pres.—Mrs. W. C. Patterson, Cook County 
High School, Adel 
V. Pres.—William J. Dickey, Emory At Oxford, 
Atlanta 
Secy.— Miss Clifford Shank, R.R. 4, Box 33, Wash- 
ington 
Treas.—Jim O'Neal, 610 South Lee Street, Ameri- 
cus 


ILLINOIS 
Illinois Council of Teachers of Mathematics 
Pres.—H. G. Ayre, Western Illinois State College, 
Macomb 
Past Pres.—Frank Allen, La Grange High School, 
La Grange 
Pres. Elect—Clarence Fuqua, Champaign High 
School, Champaign 
V. Pres.—Donna Norton, Fields School, Rock Is- 
land 
V. Pres.—Wendell E. Seaney, Roosevelt Junior 
High School, Decatur 
V. Pres.—Leroy Sachs, Cahokia-Commonfields 
High School, East St. Louis, Illinois 
Secy. Treas.—James Ulrich, Arlington Heights 
High School, Arlington Heights 
Rec. Secy.—Ruby Cooper, Quincy Senior High 
School, Quincy 


Chicago Elementary Teachers’ Mathematics Club 

Pres.—Anne T. Linehan, O’Toole, 6550 South 
Seeley Avenue, Chicago 36 

V. Pres.—Genevieve Johnson, Volta, 4950 North 
Avers Avenue, Chicago 25 

Treas.—Margaret McCollum, Addams, 108105 
Avenue H, Chicago 17 

Secy.—Ramona Goldblatt, Burley, 1630 West 
Barry Avenue, Chicago 13 

Publicity—Anna M. Penn, Principal, Addams, 
108105 Avenue H, Chicago 17 


Men's Mathematics Club of Chicago and Metropolitan 
Area 
Pres.—R. M. Takala, Hinsdale High School, Hins- 
dale 
Secy. Treas.—G. D. Gore, Roosevelt University, 
Chicago 5 
Rec. Secy.—L. Dulgar, Thornton Township High 
School, Chicago 


Women's Mathematics Club of Chicago and Vicinity 

Pres.—Geraldine Kauffman, East Chicago Public 
Schools, East Chicago, Indiana 

V. Pres.—Ruth Woerner, Kelly High School, Chi- 
cago 

Treas.—Florence Miller, Wright Junior College, 
Chicago 

Secy.—Jean Bryson, Waukegan Township High 
School, Waukegan 


INDIANA 
Indiana Council of Teachers of Mathematics 
Pres.—Grace Arbogast, 1829 East Main Street, 
Apartment 8, Richmond 
V. Pres.—R. L. Green, 3401 North Meridian Street, 
Indianapolis 
VY. Pres.—Dorothy Carey, 905 Layman Avenue, 
Indianapolis 19 
Membership Secy.—J. J. Miller, Sheridan 
Secy.—D. F. Seider, Richmond Senior High 
School, Richmond 
Treas.—Charles Fleener, 123 North Gay Street, 
Cambridge City 
Editor—Glenn D. Vannatta, Broad Ripple High 
School, Indianapolis 


Gary Council of Teachers of Mathematics 
Pres.—George Orlich, Lew Wallace School, Gary 
V. Pres.—John Peoples, Froebel School, Gary 
Secy.—Orpha Davison, Horace Mann School, 


Gary 
Treas.—Robert Rebbe, Lew Wallace School, Gary 


1OWA 
Iowa Association of Mathematics Teachers 
Pres.—Mrs. Hilda Brown, Perry 
V. Pres.—A. W. Goodwin, East High School, 
Des Moines 
Secy. Treas.— Marion Cornwall, 309 N. 13th Ave., 
Marshalltown 


KANSAS 
Kansas Association of Teachers of Mathematics 
Pres.—Laura Neville, East High, Wichita 
V. Pres.—Arthur Peters, Olathe, Kansas 
Secy. Treas.—Gertrude Welch, Shawnee Mission 
High School, Merriam 
Editor—Gilbert Ulmer, 1500 Crescent Road, Law- 
rence 


Wichita Mathematics Teachers Association 
Pres.—Anton 8. Richert, East High School, Wich- 
ita 
Secy.—Elizabeth Baird, Allison Intermediate 
School, Wichita 
V. Pres.—Harold Huneke, University of Wichita 


KENTUCKY 


Kentucky Council of Mathematics Teachers 
Pres.—Edna Housholder, 1506 8. Fourth, Louis- 


ville 
Secy. Treas.—Riley Lassiter, Eastern High School, 
Middletown 
LOUISIANA 


Louisiana-Mississippi Branch of the National Council 
of Teachers of Mathematics 
Chm.—T. K. Mattox, Southeastern Louisiana 
State College, Hammond 
V. Chm.—Mattie Lee Burris, Clinton Mississippi 
High School, Clinton 
Secy.—Judith Pillow, Baton Rouge High School, 
Baton Rouge 
Recorder—Houston Karnes, Louisiana State Uni- 
versity, Baton Rouge 


MARYLAND 


Mathematics Section of the Maryland State Teachers 
Association, Inc. 
Pres.—Helen Warren, Wicomico Senior High 
School, Salisbury 
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V. Pres.—Alfred E. Cully, Forest Park High 
School, Baltimore 

Secy.— Erma Stull, Frederick High School, Fred- 
erick 

Treas.—Edwin Freeny, Catonsville Senior High 
School, Catonsville 

Asst. Treas.— Robert Freeman, Clifton Park High 
School, Baltimore 


Mathematics Teachers of Prince George's County 
Pres.—-Freeman Klein, Sutherland High School, 
Sutherland, Maryland 
V. Pres.—William Lowe, Blandensburg Junior 
High School, Blandensburg, Maryland 
Secy. Treas.—lIris Lewallen, Oxon Hill High 
School, Oxon Hill, Maryland 


MICHIGAN 
Michigan Council of Teachers of Mathematics 
Pres.—Mary Reed, Benton Harbor High School, 
Benton Harbor 
V. Pres.—Catherine Meehan, Port Huron High 
School, Port Huron 
Secy.—Murel Kilpatrick, Lincoln Consolidated 
School, M.S. N. C., Ypsilanti 
Treas.—Elmore G. Hansen, Redford High School, 
Redford 


Detroit Mathematics Club 

Pres.—W. H. Edwards, 629 North Main, Milford 

V. Pres.—S. E. Anderson, 14845 Mark Twain, De- 
troit 27 

Secy.—Margaret Curtis, 14414 Ashton Road, De- 
troit 23 

Treas.—John McDaid, 24200 Cloverlawn, Oak 
Park 


MINNESOTA 
Minnesota Council of Teachers of Mathematics 
Pres.—Clarence Olander, St. Louis Park High 
School, Minneapolis 
V. Pres.—Margaret Linster, St. Louis Park High 
School, Minneapolis 
Secy.—Frank Ek, Mechanic Arts High School, St. 
Paul 
Treas.—Joseph Biersteker, Mankato High School, 
Mankato 


MISSOURI 
Missouri Council of Teachers of Mathematics 
Pres.—Francis Story, St. Charles High School, St. 
Charles 
V. Pres.—Mrs. Mattie B. Ryland, 315 East Main 
Street, Odessa 
Secy.—Grace Williams, Cape Girardeau High 
School, Cape Girardeau 
Treas.—William E. Chapman, 1517 West 27th 
Terrace, Independence 
Editor—Adeline Riefling, 3507 Hawthorne Boule- 
vard, St. Louis 4 


NEBRASKA 
Nebraska Section—National Council of Teachers of 
Mathematics 
Pres.—Ruth N. Hall, 1534 South 20th Street, Lin- 
coln 
V. Pres.—John Bryan, 2922 Izard Street, Gmaha 
Secy.—Miss Alfreda Smith, Madison 
Treas.—Richard Short, Grand Island High School, 
Grand Island 


NEW ENGLAND STATES 


The Association of Teachers of Mathematics in New 
England 
Pres.—Jackson B. Adkins, Box 49, Exeter, New 
Hampshire 
V. Pres.—Henry W. Syer, Boston University, Bos- 
ton 
Secy. Treas.—Janet S. Height, Wakefield High 
School, Wakefield 
Editor—Minnie Belle Brewer, The Buckingham 
School, Cambridge 


Southern New England Preparatory School Mathematics 
Association 
Pres.—George J. Kellog, Jr., The Hotchkiss 
School, Lakeville, Connecticut 
V. Pres.—Thomas E. Finley, Jr., The Loomis 
School, Windsor, Connecticut 
Secy. Treas.—Roger Hinman, The Lenox School, 
Lenox, Massachusetts 


NEW JERSEY 
Association of Mathematics Teachers of New Jersey 
Pres.—-Ernest Ranucci, Weequahie High School, 
Newark 
V. Pres.—John K. Rechzeh, State Teachers Col- 
lege, Jersey City 
V. Pres.—Max A. Sobel, Robert Treat Junior High 
School, Newark 
V. Pres.—Lina D. Walter, Mt. Hebron Junior 
High School, Upper Montclair 
Secy. Treas.—Mary C. Rogers, Roosevelt Junior 
High School, Westfield 
Editor—Madeline D. Messner, Abraham Clark 
High School, Roselle 


NEW MEXICO 


Mathematics Section of the New Mexico Education As- 
sociation 
Pres.—Don Rule, Box 556, Anthony 
V. Pres.—Mr. Burke 
Secy. Treas.—Lucile Buchanan, Eastern N. M. 
University, Portales 


NEW YORK 
Association of Mathematics Teachers of New York State 
Pres.—Elaine Rapp, Oceanside High School, 
Oceanside 
V. Pres.—R. S. Gardner, New York State College 
for Teachers, Albany 
Corr. Secy.—Alice Griswold, Garden City High 
School, Garden City 
Rec. Secy.—Esther E. Dahlquist, Niagara Falls 
High School, Niagara Falls 
Treas.—Ward O. Chase, Potsdam Central High 
School, Potsdam 
Editor—Myron Rosskopf, Teachers College, Co- 
lumbia University, New York 


Association of Teachers of Mathematics of New York 
City 
Pres.—Saul Landau, James Monroe High School, 
1318 Boynton Avenue, New York 
V. Pres.—Cecile Cohen, Curtis High School 
V. Pres.—Reinhold N. Walter, Central High School 
of Needles Trades, 225 West 24th Street, N. Y. 
11 
V. Pres.—Robert Sirlin, East N. Y. Junior High 
School 
Treas.—Abraham Kadish, Central High School 
of Needles Trades, 225 West 24th Street, N. Y. 
11 
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Ree. Secy.—-Leona Freeman, Morris High School, 
166 South Morris Avenue, Bronx 

Corr. Secy.—Mildred Vogt, Junior High School, 
252 East 94th Street, Brooklyn 12 


Nassau County Mathematics Teachers Association 

Pres.—Katherine G. Engler, Memorial Junior 
High School, Valleystream 

V. Pres.—George R. Schriro, Weldon E. Hornett 
High School, Farmingdale 

Treas.—Louis Thymuis, Great Neck Senior High 
School, Great Neck 

Secy.—Emily J. Klein, Bethpage High School, 
Bethpage 


Suffolk County Mathematics Teachers Association 
Pres.—Mrs. Margaret Herrmann, Islip High 
School, Islip 
V. Pres—Lois Bowman, Amityville Memorial 
High School, Amityville 
Secy. Treas.—Vivian Yaeger, 90 Rider Avenue, 
Patchogue 


NORTH CAROLINA 


Department of Mathematics of the North Carolina Edu- 
cation Association 
Pres.—Lenoir William, 402 South Williams Street, 
Goldsboro 
V. Pres.—Mrs. Margaret McDevitt, Lee Edward 
High School, Ashville 
Secy.—Lessie Cogdell, Needham Broughton High 
School, Raleigh 


OHIO 
Ohio Council of Teachers of Mathematics 
Pres.— Mildred Keiffer, Board of Education, 608 
East Me Millan Street, Cincinnati 6 
Past Pres.—H. C. Christofferson, Miami Univer- 
sity, Oxford 
V. Pres.— Eugene Smith, University School, Ohio 
State University, Columbus 
V. Pres.—Clarence Heinke, Capitol University, 
Columbus 9 
V. Pres.—Charles E. Seott, 858 Roanoke Road, 
Cleveland Heights 21 
Secy. Treas.—J. V. Naugle, Wyoming High 
School, Wyoming 
Editor—Clarence Heinke, Capitol University, Co- 
lumbus 9 


Vathematics Club of Greater Cincinnati 

Pres.—Robert D. Price, Teachers College, Univer- 
sity of Cincinnati 

V. Pres.—Eleanor J. Graham, 3529 Shaw Avenue, 
Cincinnati 8 

Secy.—Ethel H. McDonough, 3235 Griest Avenue» 
Cincinnati 8 

Treas.—F. Joseph Lamping, Ragland Road, New- 
town 


Cleveland Mathematics Club 

Pres.—Alex Rubins, 2529 Edgehill Road, Cleve- 
land Heights 6 

V. Pres.—James Gates, Maple Heights High 
School, Maple Heights 

Secy.—Mary Radzilwicz, Charles Eliot Junior 
High School, 15700 Lotus Drive 

Treas.—Mary Gavin, West High School, 6809 
Franklin Boulevard, Cleveland 


Greater Toledo Council of Teachers of Mathematics 
Pres.—Robert L. Bolback, Ottawa Hills High 
School, Evergreen Road, Toledo 6 


V. Pres.—Floyd Strow, Perrysburg High School, 
Perrysburg 

Secy. Treas.—Violet Davis, University of Toledo, 
2801 West Bancroft, Toledo 


OKLAHOMA 
Oklahoma Council of Teachers of Mathematics 
Pres.—Florence E. Ingham, 1311 Delaware Ave- 
nue, Bartlesville 
Secy.—Vivian Spurgeon, 2125 Maple, Nowata 
Treas.—Mrs. Kathryne Leverett, 5921 N. W. 54th, 
Oklahoma City 12 


Mathematics Council of Oklahoma City 
Pres.—Bill Welch, 2919 S. Pennsylvania 
V. Pres.—Vella Franzee, Northeast High School 
Secy. Treas.—Lola Greer, F. D. Moon Junior High 
School 


Tulsa Chapter of The National Council of Teachers of 
Mathematics 

Pres.—Virginia Parks, 724 South College 

V. Pres.—Mrs. Carolyn Stewart, 4920 East 25th 


Street 
Secy. Treas.—Robert Zenor, 524 South 80-E Ave- 
nue 
ONTARIO 


Ontario Association of Teachers of Mathematics and 
Physics 
Honorary Pres.—Norman Lane, McMaster Uni- 
versity, Hamilton, Ontario 
Past Pres.—H. E. Totton, Forest Hill, Collegiate 
Institute, Toronto 
Pres.—R. H. B. Cook, Harbord Collegiate In- 
stitute, 286 Harbord Street, Toronto 
V. Pres.—D. L. Mumford, University of Toronto, 
Toronto 
Secy. Treas.—Charles F. Chambers, 242 Kings- 
wood Road, Toronto, Ontario 


OREGON 
Oregon Council of Teachers of Mathematics 
Pres.—Oscar F. Schaaf, 123 Leigh, Eugene 
V. Pres.—Dana Small, Franklin High School, 
Portland 
Secy. Treas.— Vernon Kerley, Eugene High School, 
Eugene 
Editor—James Wolfe, Franklin High School, Port- 
land 


PENNSYLVANIA 
Pennsylvania Council of Teachers of Mathematics 
Pres.—Lee E. Boyer, State Teachers College, Mil- 
lersville 
V. Pres.—Earnest DeJaiffe, 214 21st Avenue, Al- 
toona 
Secy.—Clementina George, 705 College Avenue, 
Pittsburgh 32 
Treas.—Charles Carroll, 505 West Main Street, 
Annville 
Editor—Catherine A. V. Lyons, 12 South Free- 
mont, Pittsburgh 2 


Western Pennsylvania Association of Teachers of Math- 
ematics 
Pres.—Melvin Vesely, Carrick High School, 125 
Parkfield Street, Pittsburgh 10 
V. Pres.—James W. Bowen, McKeesport High 
School, Cornell and Bailey Street, McKeesport 
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Secy.—Helen Malter, 2910 Stafford Street, Pitts- 
burgh 4 

Treas.— Mable Milldollar, Natrona Heights School, 
Freeport Road, Tarentum 


Association of Teachers of Mathematics of Philadelphia 
and Vicinity 
Pres.— Karl 8. Kalman, Lincoln High School, Phil- 
adelphia 36 
V. Pres.—-Milton Jenkinson, South Philadelphia 
High School, South Philadelphia 
V. Pres.—Alvesta Flanegan, Olney High School, 
Front and Duncannon, Philadelphia 
Secy.—Sister Mary Louis Klaus, Lankenan School, 
3201 West School House Lane, Philadelphia 
Treas.—Mrs. Rita Kieshner, Fels Junior High 
School, Algon and Devereaux 


SOUTH CAROLINA 


Vathematics Council of the South Carolina Education 
Association 
Pres.—Daysie P. McKenzie, Ridgeland High 
School, Ridgeland 
V. Pres.—Pearl Stockman, Whitemire High School, 
Whitemire 
Secy.—Ruby Branyon, Greenwood High School, 
Greenwood 
Treas.—Buren Lown, Joanna High School, Joanna 


SOUTH DAKOTA 


Mathematics Council of the South Dakota Education As- 
sociation 
Pres.—Leonard G. Callen, 400 Forest Avenue, Ver- 
million 
V. Pres.—Effie Benson, Sioux Falls High School, 
Sioux Falls 
Secy.—Mrs. J. L. Roberts, Belle Fourche High 
School, Belle Fourche 
Treas.—Bill Ochs, Aberdeen 
Editor—-Thomas Loverude, 
High School, Aberdeen 


Aberdeen Central 


TENNESSEE 


Mathematics Section, East Tennessee Education Asso- 
ciation 
Pres.—Floyd Bowling, Lincoln Memorial Univer- 
sity, Harrogate 
V. Pres.—Mrs. J. Will Foster, McMinn County 
High School, Athens 
Secy.— Robert Underwood, 2450 Teeple, Knox- 
ville 


TEXAS 
Texas Council of Teachers of Mathematics 
Pres.—Fay Noble, 530 South Crochett, Sherman 


V. Pres.—Margaret Kinnerly, 3214 Huntington, 
Houston 
V. Pres.—Arthur Harris, 4701 Cole Ave., Dallas 5 


Secy. Treas.—Mrs. Maurice Aldrich, 108 North 
Clark Street, El Paso 
Editor—Izetta Sparks, 220 Marietta, Denton 


Greater Dallas Mathematics Association 
Pres.—Arthur W. Harris, 4701 Cole Avenue, Dal- 


las 5 

V. Pres.—Miss Merle Smith, Highland Park High 
School 

V. Pres.—Lucille Cope, Alex W. Spence Junior 


High School 

V. Pres.—Mrs. Ella W. Morehead, J. L. Long Jun- 
ior High School 

V. Pres.—Florence St. Clair, Sunset High School 


Secy.—Virginia Fite, Boude Storey Junior High 
School 

Treas.—Mrs. Martha Jane Welch, Lakewood 
School 


Houston Council of Teachers of Mathematics 
Pres.—Marguerita Keathley, 4931 Willow, Bel- 


laire 

V. Pres.—Mrs. Margaret Kennerley, 3214 Hun- 
tingdon 

Secy.—Mrs. Oralena H. Ferrell, 4917 Beach Street, 
Bellaire 


Treas.—Mira Sanders, 1216 Hawthorn 


UTAH 
Utah Council of Teachers of Mathematics 
Pres.—Dan Guido, 457 Emerson Avenue, Salt 
Lake City 
V. Pres.—Anne 8. Henriques, University of Utah, 
Salt Lake City 
V. Pres.—Ellis Everett, 143 South 400 West 
Street, St. George 
V. Pres.—Daniel D. Coons, 850 East Second 
Street, Salt Lake City 
V. Pres.—Alphid Hendrickson, 1150 25th Street, 
Ogden 
Secy. Treas.—Kenneth E. Parsons, 3492 Adams 
Avenue, Ogden 


VIRGINIA 
Mathematics Section, Virginia Education Association 
Pres.—Gladys Schuder, 1109 Wertland Street, 
Charlottesville 
V. Pres.—Mrs. Howard McCue, St. Catherine’s 
School, Richmond 
Secy.—Mrs. Louise B. McMinn, 432 Third Street, 
Charlottesville 
Treas.—Norman R. Dodl, Osbourn High School, 
Manassas 


Richmond Branch of The National Council of Teachers 
of Mathematics 
Pres.—Lucy Waring, Highland Springs High 
School, Highland Springs 
V. Pres.—Florence Lillie, Hermitage High School, 
3125 North Avenue 
Secy.—Frances Givens, 2310 First Avenue 
Treas.—Elizabeth Van Hook, 3201 Griffith Avenue 
WASHINGTON 
The Puget Sound Council of Teachers of Mathematics 
Pres.—Richard C. Klein, 11324-30th Avenue, 
Seattle 55 
V. Pres.—Gordon Roberts, Shoreline High School, 
Seattle 
Treas.—-Zella R. Stewart, 815 Fourth Avenue, 
North, Seattle 9 


WEST VIRGINIA 
West Virginia Council of Mathematics Teachers 
Pres.— Mrs. G. M. Parker, Woodrow Wilson High 
School, 306 Park Avenue, Beckley 
Pres. Elect—Jones Griffin, 137 Drew Street, St. 
Albens 
Secy. Treas.—Mrs. Carrie Campbell, Huntington 
Vinson High School, Huntington 


WISCONSIN 
Wisconsin Mathematics Council 
Pres.—John Brown, Wisconsin High School, Madi- 
son 
V. Pres.—Lawrence Wahlstrom, State Teachers 
College, Eau Claire 
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V. Pres.—Cassie Raasoch, Madison West High 
School, Madison 

V. Pres.—Ralph Cooke, Fond du Lac, Wiscon- 
sin 

Secy.—Laura Wagner, Fort Atkinson High School, 


Fort Atkinson 
Treas.—Roger Sohr, Waukesha Junior and Senior 
High School, Waukesha 
Editor—Margaret Striegl, 
School, Wauwatosa 


Wauwatosa High 





Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and address 
of the person to whom you may write for further 
information. For information about other meet- 
ings, see the previous issues of THE MaTHE- 


MATICS TEACHER. Announcements for this 
column should be sent at least ten weeks early to 
the Executive Secretary, National Council of 
Teachers of Mathematics, 1201 Sixteenth Street, 
N.W., Washington 6, D.C. 


NCTM convention dates 


ANNUAL MEETING 

April 11-14, 1956 

Schroeder Hotel, Milwaukee, Wisconsin 

Margaret Joseph, 1504 N. Prospect Avenue, 
Milwaukee 2, Wisconsin 


JOINT MEETING WITH NEA 
July 2, 1956 

Portland, Oregon 

Lesta Hoel, Public Schools, Portland, Oregon 


SUMMER MEETING 

August 19-22, 1956 

University of California, Los Angeles, California 

Clifford Bell, University of California, Los 
Angeles 24, California 


CHRISTMAS MEETING 

December 27-29, 1956 

Arkansas State College, Jonesboro, Arkansas 

Lyle J. Dixon, Arkansas State College, State 
College, Arkansas 


Other professional dates 


Sizth Annual Conference for Teachers of Mathe- 

matics 

April 20-21, 1956 

Bowling Green 
Ohio 

Eugene Smith, University School, Columbus, 
Ohio 


University, Bowling Green, 


Women’s Mathematics Club of Chicago and 

Vicinity 

April 21, 1956 

Mandel’s Tea Room, State and Madison Streets, 
Chicago, Illinois 

Jean Bryson, Waukegan Township High School, 
425 Surf Street, Chicago 14, Illinois 


Annual Spring Meeting of the Missouri Council 

of Teachers of Mathematics 

April 21, 1956 

Fontbonne College, St. Louis, Missouri 

Margaret F. Willerding, Harris Teachers Col- 
lege, St. Louis, Missouri 


Spring Conference of the Minnesota Council of 
Teachers of Mathematics 

April 27-28, 1956 

Coffman Memorial Union, University of Minne- 


sota, Minneapolis, Minnesota 
Frances 8S. Ek, 1134 Grand Avenue, St. Paul, 


Minnesota 


Ninth Annual Conference on the Teaching of 
Elementary and Secondary Mathematics 
April 28, 1956 
Illinois State Normal 


Illinois 
Clyde T. McCormick, Illinois State Normal 


University, Normal, Illinois 


University, Normal, 


Spring Meeting of Mathematics Section of Mary- 

land State Teachers Association 

April 28, 1956 

University of Maryland, College Park, Mary- 
land 

Helen Warren, Snow Hill, Maryland 


Seventh Annual Conference of the Michigan Coun- 

cil of Teachers of Mathematics 

May 4-6, 1956 

St. Mary’s Lake Camp, Battle Creek, Michigan 

Miss Murel Kilpatrick, 114 N. Hamilton Street, 
Ypsilanti, Michigan 
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Fifth Annual Meeting of the Pennsylvania Coun- 

cil of Teachers of Mathematics 

May 5, 1956 

University of Pittsburgh, 
sylvania 

Catherine A. V. Lyons, 12 8. Fremont Avenue, 
Pittsburgh 2, Pennsylvania 


Pittsburgh, Penn- 


Chicago Elementary Teachers’ Mathematics Club 

May 14, 1956 

Toffenetti’s Restaurant, 65 W. Monroe Street, 
Chicago, Illinois 

Anne T. Linehan, O’Toole School, Chicago, 
I}linois 


Mathematics Institute 

June 4-15, 1956 

University of Oklahoma, Norman, Oklahoma 

J. O. Hassler, Department of Mathematics, 
University of Oklahoma, Norman, Oklahoma 


Mathematics Institute (Sponsored by Iowa State 

Teachers College and the National Science Foun- 

dation) 

June 18—July 28, 1956 

Iowa State Teachers College, Cedar Falls, lowa 

H. Van Engen, Iowa State Teachers College, 
Cedar Falls, Iowa 


California Conference for Teachers of Mathe- 

matics 

June 20—July 3, 1956 

University of California, Los Angeles, California 

Clifford Bell, University of California, Los 
Angeles 24, California 


Seventh Annual Mathematics Institute of Loutsi- 

ana State University 

June 24-29, 1956 

Louisiana State 
Louisiana 

Houston T. Karnes, Louisiana State University, 
Baton Rouge, Louisiana 


University, Baton Rouge, 


Workshop in Visual Aids in Mathematics for 

Junior-Senior High School 

June 25—July 13, 1956 

State Teachers College, Millersville, Pennsy]- 
vania 

George R. Anderson, State Teachers College, 
Millersville, Pennsylvania 


Institute on Secondary and Collegiate Mathemat- 

ics 

July 2—-August 11, 1956 

Williams College, Williamstown, Massachusetts 

Donald E. Richmond, Department of Mathe- 
matics, Williams College, Williamstown, Mas- 
sachusetts 


Eighth Annual Mathematics Institute of the Asso- 

ciation of Teachers of Mathematics in New Eng- 

land 

August 16-23, 1956 

Williams College, Williamstown, Massachusetts 

Barbara B. Betts, 138 Norfolk Avenue, Swamp- 
scott, Massachusetts 


Fourth Annual Mathematics Instttute of the Florida 

Council of Teachers of Mathematics 

August 27-28, 1956 

Florida State University, Tallahassee, Florida 

Joe Hooten, Florida State University, Tallahas- 
see, Florida 





Brother Sebastian 


CHON DAY 


Used with the permission of Look Magazine and 


the cartoonist, Chon_Day. 
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Two Outstanding Series 


The famous W elchons-Krickenberger 


MATHEMATICS TEXTS 


For years the Welchons-Krickenberger high-school 
textbooks in algebra, geometry and trigonometry have 
been popular with both teachers and students, and 
widely used all over America. Now a Revised Edition 
of ALGEBRA, Book One, has been added to the 
famous line. Like the other Welchons-Krickenberger 
books, this new text splits every process into simple, 
thoroughly taught steps, foresees and provides for 
beginner’s difficulties, explains each topic clearly, and 
furnishes different levels of work for students’ varying 
abilities. Effective use of color is one of many learning 


aids. 


Buswell-Brownell-Sauble’s 
ARITHMETIC WE NEED 


Sales Offices: This new series for Grades 1-8 is outstanding in teach- 
New York 11 ability, in its emphasis on understanding—in its con- 
Chicago 6 
Atlanta 3 
Dallas 1 
Columbus 16 
San Francisco 3 
Toronto 7 teachers’ manuals and workbooks all give the teacher 


stant effort to make pupils see both the sense of arith- 
metic and its usefulness. The approach is always mean- 
ingful, and paced to enable the pupil to comprehend 


and assimilate what he is being taught. Textbooks, 


Home Office: maximum help in presenting arithmetic in the most 


Boston appealing and effective way. 


Please Ask for Descripti ve Circulars 


GINN AND COMPANY 
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Are students throwing away money 


6eé 


. 3 3 . 
on argain slide rules? 
ROBERT JONES, Manager of Educational Sales, Frederick Post Company 
A manufacturer points out that penny-wise buying 
of elementary slide rules is often wasteful. 


Our purpose here is to suggest a slight- 
ly higher standard for elementary slide 
rules in high schools and colleges. 

We know that a majority of students 
cannot afford expensive rules. We also 
know that the demands of most courses do 
not justify the cost of a professional rule. 

Nevertheless, far too many students 
consider only cost and sacrifice perform- 
ance, dependability and long life when 
buying their rules. 

In visits to school stores throughout 
the country, we have seen countless ‘“‘spe- 
cials’”’ selling for $.75 to $1.25. These 
prices are attractive, but the instruments 
are inadequate. They have the necessary 
scales, but a closer inspection reveals 
these weaknesses: 

The graduations on “bargain’’ rules 
are printed or molded. Markings of this 
kind are often inaccurate, and almost al- 
ways temporary. We've seen scores of 
rules on which markings fade after months 
of limited use. Is this a wise investment 
—at any price? 

Another weakness of “bargain”’ rules is 
the basic material used. It will swell and 
contract under atmospheric changes. 
Once warped by these changes, the read- 
ings on these rules are often not dependa- 
ble. The cursor is affected, too—it may 
bind or slip loosely and cause further in- 
accuracies, 

At only slightly higher cost, we feel 
that Post’s 10” Student Slide Rule (Mann- 
heim type) is far more worthwhile for the 
average math student. It sells for $2.81 
(classroom price) and offers sound value 
for every penny over and above the cost 
of ‘‘bargain’’ rules. 


This slide rule is constructed of sea- 
soned, laminated bamboo. Post has adopt- 
ed bamboo because it is not affected by 
climatic conditions—it will not warp or 
shrink. The slide will not bind, stick or 
require artificial lubricants at any time. 

The bamboo is laminated for extra 
strength as a further precaution against 
warping. Distortion is no problem with a 
bamboo rule of this quality. 

Another feature of this rule is the cut- 
ting of graduations. Each graduation is 
precisely cut into the white celluloid face, 
making it a permanent part of the rule. 
The accuracy is assured by modern ma- 
chine controls. 

The Post Student Slide Rule has the A, 
B, CI, D, and K scales on the face and 
the 8, L, and T scales on the reverse side 
of the slide. 

The cursor is framed in metal for dura- 
bility, and a tension spring maintains the 
vertical position of the hairline. The hair- 
line itself is etched in clear glass. The rule 
is furnished with a sturdy case and an 
easy-to-understand instruction booklet. 
It serves the student dependably and ac- 
curately throughout his school years and 
on through his adult career. 

Educators can help their students ap- 
preciably by advocating better slide rules 
(not necessarily expensive) for basic cal- 
culations. We will be pleased to show this 
rule and its practical advantages upon 
request. 


Please address all inquiries to the Edu- 
cational Division, Frederick Post Company, 
3659 N. Avondale Avenue, Chicago 18, Til. 














1956 RUTGERS SUMMER SESSION 
FOURTH ANNUAL MATHEMATICS INSTITUTE 
June 24-July 3 


The Institute, offered by the Rutgers School of Education in cooperation with the Association of 
Mathematics Teachers of New Jersey and with the endorsement of the National Council of Teachers 
of Mathematics, provides an unexcelled opportunity for teachers from many states to live and work 
together. The purpose will be to gain an understanding of more effective ideas in the teaching of 
elementary and high school mathematics, and a broader concept of the place of mathematics in science 
and industry, as well as in education. Prominent national figures will be present to act as resource 
personnel. A brochure giving full details of the Institute may be had by addressing: 


Director of the Summer Session 


RUTGERS UNIVERSITY 


New Brunswick, New Jersey 








FISK Teacher’s Agency 


28 E. Jackson Blvd. - Chicago 4, Ill. 


Teachers in the different fields of mathematics have exceptional opportunities 


through our office for positions in high schools, colleges and universities. 


OUR SERVICE IS NATION-WIDE. 





-——New THIRD EDITION 





STEPS 
EASY 


ALGEBRA - said 


| Unit Three, Making Formulas, is thoroughly rewritten and en- 


larged. 


| The material on evaluating formulas is revised and expanded. 


The solution of the general quadratic equation is rewritten, and 
now includes the method of “completing the square.” 
Ihe text points out innumerable new applications to such practi- 
cal subjects as television, radar and weather. 
| Hundreds of new practice examples and diagnostic texts are added. 


The exceptional provisions for handling individual student differences 
and difficulties, the fluid style, the extraordinary self-testing program 
—all the special features which have gained wide acceptance—are re- 


Gust. Published 


D. VAN NOSTRAND COMPANY, INC. 


120 Alexander St. Princeton, New Jersey 
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arithmetic with this new handbook: 


5 '¢ 
9 


6) 4)6)4 


FOR ENRICHING ARITHMETIC 





ADDITION BINGO—For this game, 
bingo-type cards are used, as shown. 
The numbers appearing on the cards 
are, for one type, the basic sums numbers 
(2 to 18). The caller reads addition com- 
binations such as 2+3, 9-4-4, etc. When 
2+3 is called, the card holder who has 
a 5 (sum of 2+3) covers that space 


with a marker. The game is won as soon as one player 
has a row, column, or diagonal covered with markers. 


by Dr. Herbert F. Spitzer 


This unique book contains more than 200 

devices such as games, puzzles, tricks, con- 

struction and manipulative exercises, all 

designed for direct classroom presentation. 
Dr. Spitzer, Director of the University 
of Iowa Elementary School, has been 
using these devices for many years with 
great success in making arithmetic 
more appealing to boys and girls. Now 
he has gathered them together for 
your use. 


This handbook supplements and en- 
riches; it does not replace the regular 
arithmetic program. You need no 
specialized knowledge to present the 
items. The devices appeal to pupils of 
all levels of competence from grades 
2 to 8. Here are two examples: 











Order your 
copy now... 


Use the 
coupon 


Single copy price, schools, $3.24 
Single copy price, others, 4.32 
Two or more copies, each, 3.24 





MOVE ONE CARD—Move one card from 
one group to another so that the sum of 
the figures in each group will be equal. 





Name 


WEBSTER PUBLISHING COMPANY 

1808 Washington Ave., St. Louis 3, Mo. 

Please send me copies of PRACTICAL CLASS- 
ROOM PROCEDURES FOR ENRICHING ARITHMETIC. | under- 
stand that if | am not thoroughly delighted, | may return 
my order within thirty days and all charges will be cancelled. 








School_ 





Address 








c-— =. = = & 


Riceeteensemennidindennmenenndl 


WEBSTER PUBLISHING COMPANY - St.Louis 3, Mo. 
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For easy teaching, lasting learning 


ALGEBRA ONE 


ALGEBRA TWO 
by Rolland R. Smith 


and 


Francis G. Lankford 


e Algebra for understanding 


—easy step-by-step developments of basic algebraic ideas and 


operations, in terms of already familiar arithmetic concepts 


e Algebra for use 
practical, realistic applications, keyed to the interest and every- 


day experience of high school students 


Ready April 15th 


PLANE GEOMETRY 


by Rolland R. Smith, James F. Ulrich, 
and John R. Clark 


\n eminently teachable book 
@ in line with present-day thinking about the purpose and con- 
tent of geometry 
develops the meaning of proof to prevent memorization without 
understanding 
inviting format highlighted with color 


modern applications of geometry (TV, Radar, Tacan, etc.) 


WORLD BOOK COMPANY 
Yonkers-on-Hudson, New York 
2126 Prairie Avenue, Chicago 16 
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BOOKS 
ESSENTIAL FOR 
REFERENCE AND CLASS 


DR. BRUHN’S TABLES OF LOG- 
ARITHMS; 7 Place Logarithmic & 
Trigonometrical Tables. For solving 
the most complicated and extensive 
numerical calculations by simple addi- 
tion or subtraction. Postpaid $4.00 


ADDITION & SUBTRACTION LOG- 
ARITHMS (Gaussian Tables) to 7 
Decimal Places. For solving formulas 
involving Addition and Subtraction 
without adapting them to logarithmic 
computation. Postpaid 2 


BENSON’S NATURAL TRIGONO- 
METRICAL FUNCTIONS. Contains 
the Natural Sine, Cosine, Tangent and 
Cotangent to 7 Decimal Places for 
every 10 Seconds of Arc from 0 De- 
grees, Semi-Quadrantly arranged. 
PORNO diiccaneiinstav connentaneee $5.00 


THE CHARLES T. POWNER CO. 
Dept. TMT, 407 S. Dearborn St., Chicago 5, Ill. 





Now Available Again 


THINKING ABOUT 
THINKING 


by 
Cassius JACKSON KEYSER 


\ new supply of copies of this classic has 
been received. 
Gives an excellent discussion of logical 
thinking and its relationship to mathe- 
matics. 
CONTENTS 

Is all Thinking Organic Behavior? 
Autonomous or Postulational Thinking 
The Importance and Availability of 
\utonomous Thinking 
Detection of Postulates 

45 pages 75¢ each, 
Postpaid if you send remittance with 


order. 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. 
Washington 6, D.C. 








| 








FEHR, CARNAHAN 
and BEBERMAN 


ALGEBRA 


COURSE 1 COURSE 2 


—builds on the intrinsic interest of 
algebra to catch and hold students’ 
attention 


* 


—helps students to think their way 
to mastery and enjoyment of this im- 
portant branch of mathematics 


* * 


—contains an abundance of graded 
exercises and problems, including 
discovery exercises, 


* * * 


D. C. HEATH 
AND COMPANY 


Sales Offices: Englewood, N.J. Chicago 16 
San Francisco 5 Atlanta 3 Dallas 1 
Home Office: Boston 16 
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A New General Mathematics Series 


by Henderson and Pingry— 


Using Mathematics 
Seven - Eight - Nine 


(For Grades 7, 8, and 9) 


Highly readable, these new books introduce pupils to useful 
constructions and applications of mathematics important in 
modern living in the home and at work. At the same time, they 
combine new mathematical topics with reviews and the reteach- 


ing of the fundamentals. 


® New and relatively easy material at the start gives pupils the 
opportunity to succeed from the beginning 


Problems are practical and interest both girls and boys 


There are plenty of numerical and word problems to challenge 


all pupils 
Color emphasizes the focal points of all illustrations 


Well-planned, varied learning aids are provided 


Write for further information 


McGraw-Hill Book Company, Inc. 


New York 36 ° Chicago 30 ° San Francisco 4 
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HOW TO USE FIELD TRIPS IN MATHEMATICS 


Donovan A. Johnson, Dirk Ten Brinke, 
and Lauren G. Woodby 


Are field trips worth the time and effort? 


How To 
Discusses types of field trips, purposes, where to go, 


Item how to plan, follow-up activities, and the like. 


NO 3 Gives examples of actual field trips. Interestingly 
s 


illustrated. 
8 pages. 35¢ each. 


All items in the How-To Series are punched for three- 
ring binder for convenience in use. Collect the entire series. 


Please send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 











A P. ortrait of 2 


by Lawrence A. Ringenberg 


@ Presents a look at the modern portrait of 2. 
@ Discusses the number 2 in its various settings. 


@ Written to enlarge the reader's concept of number and to give some insight into the 
nature of number as a creation of the human intellect. 


@ Includes an introduction to modern number theory. 


Contents 
. Introduction 6. The Measurement Number 2 
. The Natural Number 2 1 The Real Number 2 
- The Names 2 8. The Complex Number 2 


4, The Integer 2 : 
. The Rational Number 2 . Suggestions for Further Readings 


48 pages 75¢ each 


Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 
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Large Demonstration Calipers 
for General Mathematics Courses 


Demonstration 
Micrometer Caliper 
No. 51 Each, $65.00 


Demonstration 
Vernier Caliper 
No. 180 Each, $7.45 


These two demonstration calipers are ideal for teaching the 
principles of basic measuring devices. Each is large enough to be 
seen by all students in the average-sized classroom, the microm- 
eter being 34 inches long when closed, and the vernier 30 inches 
long. They are both graduated with decimal scales, and operate 
in an identical manner to their classroom counterparts. 


For Other Mathematics Teaching Aids see the 
MATHEMATICS INSTRUMENTS CATALOG 
Write for your free copy 





W. M. WELCH 
SCIENTIFIC 
1515 Sedgwick Street, Chicago 10, Illinois, U.S.A 


Me cOMPANY 
CI er 
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